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NA=[= [baDp�cM[ os[bf7[ ~ = [baDprf
N
prfbUXadUXe hgtbesfb[C,begi t ~�~ prh ~ prZmW�prfD1 i+� pra ~ .EW�W�[D,L_EpraEkmiCprk

hs[baEcdegfb[7h/_E[7f [C@0B ~ t7hg[bZ\W�t7Zm[ ~ k cMUrhgW�prZmk\fbW .Ee ~ i UXaEe ~ h/.1n Z>.EaEi } N aEaE[bi�esUXh n a9[7Z oj.b-
~ .EaEi p j1Ub, ie- ~ tbh cMUe@)p ZmW�n0_EUXfhZ5W�pKoscDW�[D@XprcCoj.Ei p esUXi+hgtbesfb[C,begi tbe�hg[badcEegf7[bhqUXY [J-
hgn ~ Urh prk\a1pri�_Ep ~ nregn ~ p jLU#, ie- ~ tbh�nrZmZmprY U ~ prk\a } N fbf7[bZ-prf [bZ ognrh nresegegprZ p�i)� pra ~ .dW�W�[J-,L_EpraEkmiCprk hs[baEcEesfb[7h�[D@0B iCo�hg[bYdhg[bf7[ba ~ nh,bk>1Kogn0_EUXfGoj. ~ .Eadi [7ZgZ W�[7Z2Br[ ~������������! #"�$%"'&)(+*
, �!- , �'&���./�0(21�$03�.54�6 ad[7�X[7fbaE[7i }
798:798 ; <>=@?%ACBEDGFIHJAK=MLON�DPH%Q�A�?SRUTWV�X
NA@0B ~ se=[= prfbUXadUXePhgtbesfb[C,begi t ~G~ prh ~ prZmW�prfD1�i)� pra ~ .dW�W�[D,L_1p aEkmiCprk1hs[baEcEesfb[7h	hgt7egf7[D,be -
i tbk5W�[C@Xi 5 Z>sXaY=wsXf ~ [ ~ _E[ ~ [ ~ Z\[baE[7i } N aEad[bi W�[C@0cM[bZ\[bZ 3 [ba p�hs[baEcdegfb[7h _Y.EZmZmnrW c 5 @e@r�rtJ-
a!Br[�� nrZ p egf ~ _1p ~ 1�p�Y [bhsW . ~ nh,bk>1re ,7egUXY UXh ~ W�[D@hcM[bZm[7Z 3 nh=Eh nrf7UXZ n e nra1p iHe pKogn ~ c 5 @e@ �XtJ-
a!Br[birt7a ~ } q k p ~ U<� n0=[=dk priY=1pra ,begpri UrZ2B)p a _Y.EZmZmnrW c 5 @e@r�rtba!BX[7iIi [bZ cMU0@XZ prZ\irUXfC.EaEiVZ
W�[bZ)BX[7iD� p0@0B ~ [bZ os[beg[7a esfbkmW�W�[ ~ hskmiY.Eegpri � p0@hB ~ [7Z os[bes[ba9pra ~ k\egfbk\W�W�[ ~ hgk\i#.de pri irt ~
hstbesfb[D,7egi [ � prZ prW�[badaYBIk i U�UrhgcEk\a1n ~ n<ognra1pri	Y'_E[7Z2BeZ?egYdkma�e ~ = }[Z cM[bZ>,7eg[7hgtbZ\tbes[ [7eg[ ~ tba }* fbUXiCp ~ pGhs[baEcEesfb[7hg[bi [ ~ Z)W�[7Z2BX[7ir_Y.EZ\Z nrW c 5 @e@r�rtba!BX[?prf [7Zme 3 W}1IcEUXa ~ hgpraEesfCcMUXhsW nrZ21h-
cdkmi@Y3esfbk\W�W�[ ~ hgkmiY.Ee ZO6 UXeg[ - hs[baEcEesfb[7hg[bi+aE[7iqaE[^�X[bf7kmiVZ)hgt7egf7[D,besirt7kmir[ ~ Y [7cEk>@ = UrfbUXaEUri!-
aEpriVZ Wnm2@�prfbUri p ~ pHhg[7aEcEegf7[bhs[bir[ ~ Z-W�[7Z2Br[bi _Y.EZ\Z nrW c 5 @e@ �Xtba!Br[ pHW nresU�cdkmi`Wn1IcEUXa
~ h pradegfCcMUrhgW�nrZ>1IcEkmi\Y pra ~ kmegf7kmW�W�[ ~ hskmiY.Ee Z j1[7hgW�k)- hs[baEcdegfb[7hg[7iIad[bi�aE[7�r[bfbk\i�hstbesfb[D,7egi tJ-
k\ir[ ~ Y [bcdk>@ cM[bhsW�k\UXaEUXi+a1p i }* f [D@0BIhgt7egf7[D,besir[ _#.dZmZ n W}c 5 @0@r�Xt7aYBr[bi ~ [bhstD= [ba [D@hB ~ [ ~ esf 3 Z\[D@X[7e _#.dZmZ n W}c 5 @0@h-
�rtba!B ~ i+k ~ .Ec{.EaEi cM[ o ~ [7aEkgZ�[D@0B ~ [7Z os[7e	UXh ~ UXaEUrhgW�nrZ ~ hg[7aEcEesfb[bhGes[D@em ~ estD@Xt^�X[bZ } O [C@0BX[7a
[7f prf UXh ~ UXaEUXhsW nrZ ~ hs[baEcEesfb[7h:]

ϕi(r, s), i ∈ {1, 2 . . .}. Y (X})(^Z
*"~ [bZ os[7egestD@ cM[bZ ~ t ~ [bZm[_]

∑

i

ϕi(r, s)ϕ
∗
i (r

′, s′) = δ(3)(r − r′)δs,s′,
Y (r} x`Z
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Wnm2@�prf UXh ~ Ue@XUXaEprZmk ~ nre ~

∑

s

∫
d3rϕ∗

i (r, s)ϕj(r, s) = δi,j
Y (X}p9`Z

cM[ os[bf7k i+k }A* f@Y (X})(^Z ~ [7Z os[beGUrh ~ UraEUXhgW�nrZ ~ hs[baEcEesfb[7hg[ba [D@0B ~ [ ~ egf 3 Zm[D@r[be�[D@0BIhstbegf7[D,7egir[_#.dZmZ n W}c 5 @0@r�Xt7aYB ~ i+k ~ .dc[.EaEi�cM[ os[ ~ [baEk-p
ψ(r, s) =

∑

i

ciϕi(r, s)
Y (X} z Z

prZ priY=1p a � p ci i+k)cM[ o ~ t7egk [C@0B 5d~g~ _1p ~ 1ri p ~ Y [bcdk>@�p

ci =
∑

s

∫
d3rϕ∗

i (r, s)ψ(r, s)
Y (X} |`Z

[D@0Br[baEZ\[ ~ _1p ~ nrhgUXf7f p�W�[D@ }< pregUraEZ>1Hi+k)cM[ o ~ t7e�prf W hgt7egfb[C,besirtD= 3 Z?nrZ\Z>1 hs[baEcdegfb[7h ~ [ ~ egf 3 Zm[C@X[be n ZmZ p Y U ~ nrh p�k\e
k>@)prf } jlk2@0BX[7Zm[bW = [qi [bZ\Z �X[badaEk?prfbUXaY=1p a	ZN_EUe@0B = UXf7UXaEUXi [beg[ ~ t7a prf

N
hgt7egf7[D,besirt7e_#.dZmZ n W}c 5 @0@r�Xt7aYB},7e pri ~ [bZ os[bes[ba�egf7kmW�W�[ ~ hskmiY.EeDZYcM[bhsW�k\UXaEUXi�[7eg[ ~ tba Y [bcEk2@ ,begpri ~ [bZ)-

os[beg[7a pra ~ kmegf7kmW�W�[ ~ hskmiY.Ee Z\[D_E[ ~ } * ~ [7Z os[be UXh ~ UXadUXhgW�nrZ ~ hg[7aEcEegf7[bh ~�~ [D_1n ~ prf�Y (X}2()Z
[D@0BIhgt7egf7[D,besir[ _Y.EZmZmnrW c 5 @e@r�rtba!BX[7i#= 3 Z tbY[m ~ o 5 i c sXZ prf prZ n0={=EkLWn1IcEUXa�]5i+k\� nrZ p egf ~ .EaEiW cEprh p0=�[D@0BIhstbegf7[D,7egir[ _Y.EZ\Z nrW c 5 @e@ �Xtba!B ~ ZK� p0@0BIkme Z\t ~ hs[D_EUrfD.EaEi�[C@0B

(α1, α2 . . . αN )W _EUXesegfDi egUrhgUXfbp ~ U ~ Z1p0_EUrZ'pqegUrhgUXfbp ~G~ p0@ ogprk prf@Y (r}2(^Z _#.dZmZ n W}c 5 @0@r�Xt7aYBr[bi�kmaEcE[ ]�[bk }
NPf ~ p f W c1prhgp0=�_Y.EZ\Z nrW c 5 @r�rtba!B ~ sregegf7[besfbUXhsUXfbfC.EiVZ'W p<osc ~ [bZ os[7eg[7a egf7kmW�W�[ ~ hskmf n Z)-
oj.Ei kmZ\Zm[ ~ �X[ pra ~ kmegf7kmW�W�[ ~ hskmf n Z oj.Ei tbe �XtD@ 5 ZPaEUXhgW�nrZ oj.Ei }�* fnm>@0B i p Y U ~s~ hg[badcEegf7[bh
~ [bZ os[beGt7eVUXh ~ UXadUXhgW�nrZ ~ Zm[7egf prf

N
hgt7egfb[C,besirtbe ~ [bZ os[bes[ba esfbk\W�W�[ ~ hgkmiY.Ee	kmZmZ\[ ~ �X[ ~ [7Z os[ -

eg[ba pra ~ kmesfbk\W�W�[ ~ hgkmiY.Ee�nrZ\Z prY U ~s~ tbhs[ba } * ~ [bZ os[7eVUrh ~ UraEUXhgW�nrZ ~ hg[badcEegf7[bh 5 aEi [7Zm[bW�[bk
~ [D_En ~ p

ΨB
α1,α2...αN

(x1, x2 . . . xN) =
1√

N !
∏

i ni!

∑

(α)

N∏

i=1

ϕαi
(xi),

Y (r}pE p Z

ΨF
α1,α2...αN

(x1, x2 . . . xN) =
1√
N !

∑

(α)

(−1)Pα

N∏

i=1

ϕαi
(xi)

Y (r}pE = Z
_#.dZmZ n W}c 5 @0@r�Xt7aYBr[bi } * f�[bZ\e 3 prZ p i p = UrfbUXaEUri nrZmZmprY U ~g~ [bhgt7aE[bi�=1nrf7kmes�r[bi ~ Urh prk ~ Z-p
W nresU�cdkmincM[7hgW�kmUXadUXirt ~ m\hMogp�Zm[ } * cM[ba ~ k-i t ~ iIk)cM[ os[7fbtbej= [7a prf

(α1, α2 . . . αN )
esUXhgUS-

f p ~ [bZ\[bW�[bk ~ a1p0@0BIe nh@ egf7[bhskma ~ esUXh/=EpVhg[7aEcE[7fb[ ~s~ aE[7i ~ [bi+kma ~ o 5 iVZr[D@hB�hstbesf ~ p fbtbh ~ ZS_EUe@0BcM[bhgW�kmUraEUXi [7eg[ ~ tba prf�[bZ 3 os[bZ?[D@0Brtbh ~ [bZ\W�� Z\[D@0Br[ba	Z W�nreshgtbesf ~ Z _EUe@0B aE[�egfbnrW�UrZ oj.Ei
~ se=[=degfDsrh .[@0BXpra1prf ~ prf

N
hgt7egf7[D,besirt7e nrZ\Z prY U ~ U ~ }�6 [^�X[7fb[ ~s~45 iDprf

x = (r, s)
os[J-

Z>sXZ\tbe ~b}�* f
i
-/[bcEk\i n ZmZ p Y U ~ =1pra9Zmt7� 3 hgtbesfb[C,begi tbi egfbnrW�n ~ Y'= [ ~ sXZ ~ tbesk egfbnrW�U ~ Z

ni
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os[7Z>sXZ\kgZC�rph@0BIkme

ni

Z\[bUXZ �rp ege pbZ!_EUe@0Bqprf
α1, α2 . . . αN

esUXhgUXfbp ~ =Epra�prf
i
i)� pra ~ .dW�esf nrW_Enra!B�esfbUXh egfb[7hg[7Y [7Z }r* f sXesegf7[D@Xf7tbe prf

α1, α2 . . . αN
"'&:$ *@��3�� 	 *�)6 sXegesfb[be Y3kmesW�t ~ -

Z\tbes[be Z Y [bhsW . ~ n0,bk21Cognrh pn. ~ prZ } Q5U<� n0=[=dk os[bZ2sXZmt7egirt7a ~ �X[7fb[ ~s~45 i = [�p
Pα

W�[badaYBIk\egtJ-@r[ ~ Z W�[7Z2B [D@hB�esfb[7h �E[7aDprf ~ W�UXaEcCogp�W�[C@[Z _EU0@0B p f�prcEU ~s~ Y [bhsW . ~ nh,bk>1 prfq[7hg[bcd[ ~ k
Z\[bUXesf ~ nre/=w1XZ _1n aYBDZmt7Y t7e prZ p ~s~ t7h/_E[ ~43 [bZ Y � p0@0BIkmeqW�[D@XprcCogp{ZA_EU0@0B�p Y [bhsW . ~ nh,bk>1
YEnrhgUXeV�rph@0B Y1n h p ~ Z pra Z } � fbk\a ~ tba t7hgcE[7W�[7e W�[D@ os[D@hBX[bf7aEkgZ _EUe@0B cM[bhsW�k\UXaEUXi`[bes[ ~ tba
p f Y (X}:E = Z i+k2cM[ os[7fbt7e ~ esfbUXiCnre � Zmp ~ [7h^- cd[ ~ [7hgW�kma1n aEega1p iDkme aE[^�X[7fbaEk Z _Ekmesfb[7aRprf tbYb-
Y [ba prf

Sij = ϕαi
(xj)

_Y.EZmZmnrW}c 5 @e@r�Xt7a!BX[biY= 3 ZLirt7egfDm ~ [ ~g~ W�n ~ hsk ]qcE[ ~ [bhgW�kmaEnraEe n a1pri
i+k)cM[ o ~ t7eg[ Y p Z priCprZ\W pregpraHaEUrhgW�nrZ\� p Z }
I �������������������������������� �!#"%$�&'���)(�� {αi} *,+�(� ,-�.������0/���&'*1!2�3�������4-�5�67�� 8(9 �&'���9/�: -;$<.=:2:>/��@?BA��'��+�5� ��<-C!2�3��54-�D
:25��9 �5�:2*,A�:2!CE
�����F.=-G/�H�!2I�+'(�:�!2�9��:2JK:2��$��4-1/�:2:2L -3(� �!#"M(���&' ,6N(� O(P �&'���9/�:>/��3!M?#(�*�-3&'��!2: ���� �*'&'� p

Q

i ni!/
√

N ! :2���3�
6
&'��&' �&'*,�3(="Q?R������!2 �&'*,��(SE
����!2�S+�/�: -3&'��(T-�:>(� U"Q$�!2�3���� 8&�-�-F(1VQ(�.�:2! D#��: +1-3!2: -R�3(="U$�&'���8*'54-F��5��3����H��3*'�9.����,(� N(�6�6�(� W(
*�+'(� �-�.��9/�:2:>(�E
&�-36N(� P:2�������� UX�Y��@.=-�I'6�6�!U����:2Z':25��[(���&' <6N(� P ���$�5���*'������6=67�� W$N(����� N/�:2$N(T-�I�"Q$�!2�3���� P(�*,*'&'�F(S�3��!2�@D
���4-���!2��/�:>/��[\#(� �-�!2�3��!2�����4-3��!2��/�:>/��4]^�`_<+���:2�4-�54-;(T-�-�I':a*'5� =�[?RA��'�'J�+�5C-3�� � �!#"�$�&'���1��!2: ���� �/�:2:>(�E
&�-3��(@$N(T-�X J

* f�Y (X}:E Z [D@hBX[badZm[ ~ [bi+ir[7Z�cd[%b1aEkmnrZ ~ =1nrfbk\es�r[bi ~ UXhsUXiCp ~`~ [C_1n ~ Y p f [D@0BIhgt7egf7[D,besir[_Y.EZ\Z nrW c 5 @e@ �Xtba!Br[bi kmegW�[bhs[ ~ tD= [ba Z cM[bhgW�kmUraEUXi�[bes[ ~ tba [D@hB −1
esfbUXhsfD1�[bhs[ ost7k>@[Z = Uh-

f7UXaEUXi [beg[ ~ t7a Y [7cEk>@ [C@0BXt7h ~ [7ZmW��d[ba os[7ZmZ\[bW�fbkmi�prf
α1, α2 . . . αN

egfbnrW�Uri } < p},7e pri
UrZ2B)p a

α1, α2 . . . αN
egf n W�esUXhgUXfbp ~ Uri p ~ [ba[@r[bc 5 adiHW�[C@[Z1prW�[bZ)B#= [7a`pqegUXhsUXf p ~ Y3a[sh-

�r[bi)� 3 Z egUrh/=1p hg[7aEcE[bf7[ ~s~ ZEp iIi UXh?p esUXhgUrf p ~ W�kmaEc cM[bhsW�k\UXaEUXi�W�k\aEc�Y [bcEk2@ = UXfbUraEUXi
[7eg[ ~ tba [C@0BXt7h ~ [bZmW �E[ba W�[D@XprcCogp�prf�Y (X}pE`Z =Enrfbk\es�X[7i ~ UXhsUXi [C@0BIkmi t ~ } N ZmtC@ ~ [D_1n ~ prf ~
W�[D@rW�UXadc1praEk Z _EUe@hB�prf�p cEU ~g~

i
- [7cEkmi [D@hB�hstbesfb[D,7egi [f_Y.EZmZmnrW}c 5 @e@r�Xt7a!Bb= 3 Z _1nra!B)p ~_Epregf7a1nrZ ~ .EaEi]c sXZ�prf Y (r}pE Z =1n fbkme �X[7i ~ UXh i UXaEe ~ h/.di0,bk21Cogn0_EUrf } Q-[D_1n ~ prf Y (X}:E Z =1nS-

f7kme �X[bi ~ UXhgUXiCp ~ [C@0B!- [C@0BXt7h ~ [7ZmW�� iCprYw,begUrZ p ~ =1p!Zm[C_E[ ~ _dUXfbaEk p f |{α1, α2 . . . αN}〉B,FY3p0_EUXZ p f
α1, α2 . . . αN

[C@0B�hg[7aEcE[7fb[ ~s~ esUXhgUXfbp ~ Z ZEtbeVprf |n1, n2 . . . ni . . .〉B,F esfbk\W -=w1XZ2.EW�UriIiCprZ ]
ΨB,F

α1,α2...αN
(x1, x2 . . . xN )←→ |{α1, α2 . . . αN}〉B,F = |n1, n2 . . . ni . . .〉B,F ,Y (r} 8`Z

ph_EUXZ
ni

p�W nrh�irUXhgn0=[=1p a k\eHegf7[bhg[7YEZ 3 = [ ~ sXZ ~ tbegkVegfbnrW } N f [D@0B
N

hgtbesfb[C,begi t ~
~ prh ~ prZmW�prfC1Vhs[baEcEesfb[7h [beg[ ~ t7a prf ~ p ~ [bhsW�t7egfb[ ~ [7e?W�[bZ\Zmt7iYcM[7Z ~ t ~ [7Z ~ os[bZ\[ba ~ kIW�tD@[Ze_dUe@0B

∞∑

i=1

ni = N.
Y (X}pF`Z

c esegfb[JcMUe@XZmprZ\� p ~ [D_1n ~ prfOY (X} 8+Z os[bZ2sXZmt7e prhsh pHp�=Enrfbk\es�X[7i ~ UXhsh p . ~ p Zlprf�Y (X}:E Z i+k2cM[ os[J-
f7tbej= 3 Z Z�W�[bZ)B#= [7a

n1

c1p h p0=
ϕ1

_Y.EZmZmnrW}c 5 @e@r�Xt7a!B ~
n2

c1prh ph=
ϕ2

_Y.EZ\Z nrW c 5 @e@r�rtba!B ~ Z
e ~ = } _1p egfbaEnrZ ~ .EaEiXc sXZ } * fY (r}pE Z =1nrf7kmes�r[bi ~ Urhgi Y (X}p8`Z esfb[bhskma ~ k ~ sXW}sXh�os[bZ>srZmtbest ~_{m\� ognri�= [ ~ sXZ ~ tbesk egf n W�hg[7YEhg[7fb[ba ~ n0,bk21Xa1pri }

q k �X[7Z�prf Y (X}:E Z hg[7aEcEesfb[bh ~ [7Z os[7e�Y prf
N
hgt7egf7[D,besirt7e�nrZmZmprY U ~g~ tbhg[7a Z Z [7fbt7h ~ [D@0B
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~ [ ~ egf 3 Zm[C@X[be

N
hgt7egf7[D,besirt7e _Y.EZmZmnrW}c 5 @e@r�Xt7a!BH[bZ 3 nrZ\Z>m ~ _1p ~ 1![bf7[bi�es[D@em ~ egtC@Xt7�r[bZ

ΦB,F (x1, x2 . . . xN ) =
∑

(α)

Cα1,α2...αN
ΨB,F

α1,α2...αN
(x1, x2 . . . xN )←→

←→
∣∣ΦB,F

〉
=

∑

{ni}
(

P

i ni=N)

Cn1,n2...ni... |n1, n2 . . . ni . . .〉B,F ,
Y (X}p;`Z

p0_EUXZ@p
Cn1...ni...

i+k2cM[ o ~ tbesk@[D@hB 5�~g~ _Ep ~ 1Xi�W�[C@X[D@hBX[bf7aE[biHp
Cα1...αN

i+k2cM[ o ~ t7egk@[C@0B 5d~g~ -_1p ~ 1riIiCprZ Z _1p p f
α1, α2 . . . αN

esf nrW�egUXhsUXf p ~ =1pra Y UXa ~ UXe pra
n1

c1prhgp0=
1
- [be�e ~ = }

�rp a } * f sXegesfb[D@rfbtbe prf [bZ\e 3 [beg[ ~ = [ba prf [D@0BIhgt7egf7[D,besir[ nrZ\Z prY U ~ UXi kmaEcE[ ]�[bk>= 3 Z prZ\irUh-
~ U ~s~ [7Z ~ tbh 3

N
[bZm[7W��}_1prZmW�prf7UXi+h p��XUXa1p ~ irUrfbkmiVZIWnm2@ W nresU�cdkmiq[7eg[ ~ = [7a�p = [ ~ sXZ ~ tbesk

egf n W�UXi�UrZ2B)p aRi+kmUXesf ~ n e prk\h p ~ sXh ~ tbadkmiVZ W�[bZ2Br[biY= [ba p = [ ~ sXZ ~ tbesk�esf nrW�UXiXsXesegfb[C@X[
tbYEY [ba p�hg[badcEegf7[bh hstbesfb[D,7egi tbkmad[bi egf n W p }* fMY (X}p8`Z cMUXhsW .EZmn<� prZ#= [7�X[7fb[ ~ [ ~s~ �r[bi ~ UXh ~ t7hghg[�n ~ sXh/sri#m ~ _E[ ~ o 5 i!prf

N
hgt7egf7[D,besirt7e

nrZmZmprY U ~g~ t7h	esi p Z nrhsegfbUrhgf p ~ n ~ k\eDZ[_1p p =1nrf7kme �X[bi ~ UXh prk\h p�p ]
B,F 〈. . . n′

i . . . n
′
1|n1 . . . ni . . .〉

B,F
:=

∫
dx1 . . .dxN Ψ∗B,F

α′

1,α′

2...α′

N
(x1 . . . xN )×

× ΨB,F
α1,α2...αN

(x1 . . . xN) = δn′

1,n1
. . . δn′

i,ni
. . .

Y (r}2(<y`Z
cE[%b1a{m>,bk21<�rp Z t7Z 5 aEiVZ?p0_EUrZ ∫

dxi =
∑

si

∫
d3ri

} * f�. ~ UXZ\e/1 [C@0BX[7aEZ 3 estD@ prf7tbh ~ nrZmZcM[baEa	ZdW�k �X[bZ prf@Y (X}pE`Z =1nrf7kme �X[bi ~ UXhgUXi Y3W�[bZ2Br[bi
α1, α2 . . . αN

kmaEcd[^]�[bk'ad[bW [D@0BIW�nre
Y [7hgW . ~ n0,bk21Xk Z [C@0BIW nresh pDUrh ~ U0@XUXa1nrZ\kmegpri } N fbf7[bZ�p f [bZ ognrh n ege p Z prf

N
hgt7egf7[D,besirt7e

nrZmZmprY U ~g~ [7hg[ ~ kmf7UXW�[ ~ hskmiY.Ee��lW}1�cEUra�Z\[birt7Y [7f ~/5 i p fbUXa |n1, n2 . . . ni . . .〉
�X[7i ~ UXhgi+hgp{Z

W�[7Z2BX[7i+hg[ ∑
i ni =

∑
i n

′
i = N

} N f ~ p cE[%b1a{m>,bk21 ~ tbhscE[bW�[be�iIk ~ [7hMos[besf ~ [baEk?UXZ2BXpra
[beg[ ~ [7iIhs[�kmeCZdprW�kmi UXh?p =1prZ tbe osUe=[=HUXZ\c1prZ\kLnrZmZmprY U ~ UXi = [ ~ sXZ ~ tbesk esf nrW�prk\a1pri sXesegfb[C@X[
aE[bW�[C@0BX[7fbk\i�W�[C@ YMi 5 Z>sXaY=wsXf 3 hstbegf7[D,7egir[7egfbnrW i nrZ\Z prY U ~ Uri�esfbUXhsf p ~ nrh p Z Zd� p0@0BIk\e

B,F 〈. . . n′
i . . . n

′
1|n1 . . . ni . . .〉

B,F
:= δn′

1,n1
. . . δn′

i,ni
. . .

Y (r}2(e()Z
=1nrhgW�[bZ)B irt ~ =1nrfbk\es�r[bi ~ UXhsh p }�� @hBD[C@0BDUrZ2B)p a�nrZmZmprY U ~g~ tbh/_d[bf oj. ~ .daEiVZ?W�[bZ)B#= [7a�p
i 5 Z>sXaY=wsXf 3 hgt7egfb[C,besir[besf nrW i n ZmZ p Y U ~s~ [7hg[bi�[D@0BIW�nreghgp�Urh ~ U0@XUXa1nrZ\kmegpraH� praEa1pri = [ ny-@0B)prf^� p } N ={= [!prf!n ZmZ p Y U ~s~ t7h/= [ = [7Zm[bt7h ~ o 5 i`W�tC@ prf ~ prf�nrZ\Z prY U ~ U ~ kmeCZ W�[bZ)B�aY.EZmZmp
hgtbesfb[C,begi t ~�~ prh ~ prZmW�prf

|0〉 := |0, 0 . . . 0 . . .〉 . Y (X})(Kx`Z
NPf ~ prf�nrZ\Z prY U ~ U ~ _[m\� ognriH� nriY.[.EW nrZ\Z prY U ~ aEpri�� } * f m>@0B�= [7�r[bf7[ ~ [ ~g~ nrZ\Z prY U ~s~ [bhs[ ~
Y [7cEk>@ j1U#, i!- ~ t7hgaE[7i }
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* f Y (X})(e(^Z egiCprZmnrhgesfbUXhsf p ~ cE[7b1aEkmnrZ ogp�p 〈. . . ni . . . n1|
�X[bi ~ hgUXi U)p ~ }nt k\h p0,�a!BXUS-

W�nraDp |n1 . . . ni . . .〉
�r[bi ~ UXhsUXiCp ~ p ~ U<� n0=[=EkmpriY=1praDi [ ~ �r[bi ~ UrhgUXi+a1pri cMUe@ oj.Ei aE[J-

�r[bf7aEkgZ)W}m>@�p 〈. . . ni . . . n1|
�r[bi ~ UXhsUXiCp ~ =Ehgp �X[bi ~ UXhgUXi+a1p i }���~ 1e={=Ek pri cM[bZ)cMUe@e_1p ~ 1XiVZ

W�kma ~ pHj1U#, i!- ~ t7hVZ\kma1nrhskme c .Eadi0,bk\UXa1nrZ ogprk ~ [7hgtbad[bi @X[baE[7h n ~ UXh^-/hg[7aEcEegf7[bhs[0Z � p0@hB W�kma ~
p�i [ ~ �X[bi ~ UXhgUXi`p cCoj.Ea[@)n Z ~ ogp k }
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* j1U#, ie- ~ t7h _1presfba1n Z p ~ nra1pri a1p0@0B![bZ 3 a!BX[0ZY_EU0@0B!W�[D@ ~ .Ec[.Eadi�prcEaEkdUXZ2BXpra�UXY [bh n ~ Uh-
hsUXiCp ~ Z W�[bZ2Br[bi i 5 Z>sXaY=wsXf 3 hgt7egfb[C,besir[besf nrW i < k\Z>= [bh ~ - ~ [bhs[bir[ ~ ihs ~ aE[7i�sregegf7[ } N fb[7a
UrY [7h n ~ UXhgUXiCp ~ tbhgcd[bW�[be�i 5 Z>sXab-/i 5 Z>sXaH�Ik\fbe/@XnrZmaEk cM[bhgW�kmUraEUXi�tbe = UrfbUXaEUriH[bes[ ~ t7a }
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j1[7hgW�kmUXaEUri�[7eg[ ~ tba p j1Ub, ie- ~ tbh =1n fbkme �X[7i ~ UXh p kma1pri�_Y.EZmZmnrW}c 5 @e@r�Xt7a!BXt ~ prfY (X}:E = Z
[C@0BX[7aEZm[ ~ cE[7b1aEk n Z ogp } N fb[7a p j1Ub, ie- ~ tbhs[baq�r[bfb[7ege 5 i = [ prf	prZ n0={=Ek+ir[bZ ~43 tbe [7Z ~45 a ~ [ ~/3
UrY [7h n ~ UXhgUXiCp ~ ZdW�[bZ)BX[bi�_1p ~ n e p�p i [ ~ �X[7i ~ UXhsUXi+h p ]

â†k |n1 . . . nk−1, nk, nk+1 . . .〉 =
√

1− nk(−1)Σk |n1 . . . nk−1, 1 + nk, nk+1 . . .〉 ,Y (X})(�9 p Z
âk |n1 . . . nk−1, nk, nk+1 . . .〉 =

√
nk(−1)Σk |n1 . . . nk−1, 1− nk, nk+1 . . .〉 ,Y (X})(�9 = Z

ph_EUXZ
Σk =

k−1∑

j=1

nj.
Y (X})( z Z

* f Y (X})(�9 p Z [C@0BX[7aEZm[ ~g~ [7Z = [^�X[bf7[ ~ [ ~g~
â†k

UrY [7h n ~ UXh ~ [C_1n ~ [D@0B [C@e@0Br[bZPa1p0@0BrUe=[= hgtJ-
esfb[C,begi [besf nrW i9nrZ\Z prY U ~ =Ep ��k\egf Y prW�[baEa!BIk>= [ba p ie- prcdkmi nrZ\Z prY U ~ i UXh n0={=1pra]= [ ~ sXZ)-
~ [ ~ Zm[ba��XUXZ ~ Z kmZmZ\[ ~ �X[?p j1U#, i!- ~ t7hlaY.EZmZmp�[7Zm[7W�tC= [ Y'_1p prf nrZ\Z prY U ~ = [ ~ sXZ ~ s ~g~ �XUrZ ~ Z } N f ~
p fGUXY [7h n ~ UXh ~ [bf7tbh ~ i [bZ ~/3 Y3[7W�k\egegf7k>1Xe Z UXY [bhgn ~ UXhsa1pri aE[7�r[bf7kmi }A* f9Y (X}2($9 = Z [C@0BX[7aEZm[ ~
p Z prYIogn an= [7�r[bfb[ ~ [ ~g~

âk

UXY [bh n ~ UXhPY [bcEk2@�[C@e@0BX[7Z i+k\eg[D={= hgt7egf7[D,besir[7egf n W i n ZmZ p Y U ~ =1p
�Ik\egf Y3prW�[baEa!BIk>= [ba p ie- p cEkmi nrZ\Z prY U ~ i UXh nh=[=1pra�= [ ~ sXZ ~ s ~g~ �rUXZ ~#Z k\ZmZ\[ ~ �r[�p!j1Ub, ie- ~ tbh
aY.EZ\Z p�[bZ\[bW�tD= [�Y3prW�[baEa!BIk>= [ba p ie- p cEkmi nrZ\Z prY U ~ i [bf7cE[ ~ = [7a = [ ~ sXZ ~ [ ~ Zm[7a��rUXZ ~#Z^} N f ~
p fqUXY [bh n ~ UXh ~ Y [7cEk>@ [bfbt7h ~ [7Z ~45 a ~ [ ~/3 Y p0=EesfbUXhj= ,7k>1Xe Z UXY [bhgn ~ UXhsa1pri aE[7�r[bf7kmi } N fb[7a
cd[%b1a[m2,bk21XiHprZmprYIognra`ihsXaEa!B � = [bZ n ~ aEk p f prZ n0={=Ek'irt ~ cMUra ~ UXe�nrZ\Z>m ~ nre ~ ]
B 030�CM:� E4ED * f m>@0B�cd[%b1aEkmnrZ ~ i [bZ ~/3 t7e	[bZ ~45 a ~ [ ~43 UXY [bh n ~ UXhsUXi�[D@0BIW�nre prcCoj.Ea[@XnrZ ~ ogprk }
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� A3&!xw" 6�C :� 14 D * f�p cCoj.Ea[@)n Z ~ UXY [bhgn ~ UXh	cE[%b1a{m>,bk21Cogp prZ p YIognra�]

〈. . . n′
k . . . n

′
1| (âk)

† |n1 . . . nk . . .〉 =
(
〈. . . nk . . . n1| âk |n′

1 . . . n
′
k . . .〉

)∗
=

=
√
n′

k(−1)Σ′

kδn1,n′

1
. . . δnk,n′

k
−1 . . . =

√
1− nk(−1)Σkδn′

1,n1
. . . δn′

k
,1−nk

. . . =

= 〈. . . n′
k . . . n

′
1| â†k |n1 . . . nk . . .〉 .

Y (r}2(K|+Z
S k2_1presfba1nrZ ~ .Ei p ir[bZ ~43 t7eH[bZ ~45 a ~ [ ~43 UXY [7h n ~ UXhgUri�cE[%b1a{m>,bk21Cogn ~ Z ~ U<� n0=[=1n _dUe@0B9pcM[ba ~ k � nrh/_Ep ~ 1 tbh ~ t7i W�kmadcEk>@q� prZ21XeGtbe _EUe@0B p f

nk

= [ ~ sXZ ~ tbesk egf n W�UXi�,be p i y � p0@0B( t7h ~ tbir[ ~ �r[D_E[ ~ aE[7i c sXZ cM[bhsW�k\UXaEUXi�[bes[ ~ tba }
�* f\Y (X})(K|`Z [D@hBX[badZm[ ~s~ [7ZTsXesegfC_1pra[@e=Epra t7h ~ [7ZmW�[bf7aEk ~ .EcKoj.Ei`p�i [bZ ~43 tbe [7Z ~/5 a ~ [ ~/3

UXY [7h n ~ UXhgUri�_1p ~ nre n ~ p =dh p��X[bi ~ UXhgUXi+hgp�k\e } N fb[7i`p�ihsK�r[ ~ ir[bf 3 i ]
〈. . . nk+1, nk, nk−1 . . . n1| âk =

√
1− nk(−1)Σk 〈. . . nk+1, 1 + nk, nk−1 . . . n1| ,Y (X})(�E p Z

〈. . . nk+1, nk, nk−1 . . . n1| â†k =
√
nk(−1)Σk 〈. . . nk+1, nk, nk−1 . . . n1| .

Y (X})(�E = Z
* cMUXhsW prZ\kmf7W .Ee esf nrW�nrh p k>@X[7a}cMUra ~ UXe p�ir[7Z ~/3 tbe [bZ ~45 a ~ [ ~43 UXY [7h n ~ UXhgUri cM[bZ>,7eg[ -

hgtbZ\tbesk1hg[bZmn0,bk21XkmaEpri�k\egW�[bhs[ ~ [hZ)W�[7h ~ p�egUXi ~ [be ~ hg[7aEcEegf7[bh e ~ p ~ kmesf ~ k\iCnKognrh p�[7fb[bi @hB)pri Uh-
hgUXZ\a1pri}= [JcMUXZ2BXnre ~b}
B 0 0�CM:$ 14ED jL[7hgW�kmUXadUXi [7eg[ ~ tba p i [bZ ~43 tbe [bZ ~45 a ~ [ ~43 UXY [bh n ~ UXhsUXi prf prZmn0=[=Ek pra ~ k)-
irUXW�W . ~ n0,bk21Xe hg[7Z n0,7k>1XiCp ~ [bZmtC@em ~ kmi i+k0]

{
âk, â

†
l

}
= δk,l,

Y (X})(y8 p Z
{
âk, âl

}
=
{
â†k, â

†
l

}
= 0,

Y (r}2(y8 = Z
p0_EUXZ p�iCprYw,besUXeVfbnrh/1Kos[bZ prf pra ~ kmirUrW�W . ~ n ~ UXh ~ os[7Z>sXZ\k0] {

Â, B̂
}

= ÂB̂ + B̂Â
}� A3&!xw" 6�C :� 14 D * f Y (X}2(�8 p Z sXegesfb[Cc 5 @e@Xtbe = [7Z n ~ nre n0_dUXfVZ\[D@0Br[baH[7Z 3 esfDsXh

k < l
} N i+irUXh

prf
âkâ

†
l |n1 . . . nk . . . nl . . .〉 + â†l âk |n1 . . . nk . . . nl . . .〉 = 0

Z _Ep
nk = 0

� p0@0B
nl = 1

} < p
nk = 1

t7e
nl = 0

pri+i UXh:]
âkâ

†
l |n1 . . . nk . . . nl . . .〉+ â†l âk |n1 . . . nk . . . nl . . .〉 =

= (−1)Σk(−1)Σl |n1 . . . 0 . . . 1 . . .〉
k l

+ (−1)Σk(−1)Σl−1 |n1 . . . 0 . . . 1 . . .〉
k l

= 0,Y (r}2(�F`Z
prf [7Z ~ tbhgt7e

Σl

-Q= [ba � pra � } Q5[7hgW�tbegf7[ ~ [beg[7a�p
k > l

[bes[ ~ = [7aqkmea.[@0BXpraYi[@0B y - ~ iCprY[.Eadi
W�k\aEcE[badhg[ ~ [bZ os[beg[7a _1presUXaEZ>1!Wn1IcEUXa }T* f�[C@0BX[ ~ Z\[ba`aE[bW �Ikmf7e/@)nrZ ~	~ p0@qW�tD@�p
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��� !�! ��� � ! ��9 �����.�������=��,��	� )&!�
�� ! �����=��	��� ����,.�7����! ����! ������,.)�� � )��G!��.,0!�)�!��+��)������"� ��	��� �
���
�!�!��

B )��G�
)�� 6D! ���G6.,=� �H�������4��, )�� � ��F������G!�<.)����7��)�>
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[7eg[ ~ [ } N i+irUXhU]
âkâ

†
k |n1 . . . nk . . . nl . . .〉+ â†kâk |n1 . . . nk . . . nl . . .〉 =

= (1− nk) |n1 . . . nk . . . nl . . .〉+ nk |n1 . . . nk . . . nl . . .〉 =

= |n1 . . . nk . . . nl . . .〉 .
Y (X})(�; Z

N f7fb[bZa= [bZ n ~g~ .di`prf\Y (X})(y8 p Z hg[7Z n0,7k>1 ~b} * ~ se={=EkN= [7Z n ~ nre p ~ [7Z os[bes[ba�_1pregUraEZ>1�Wn1IcEUXa
~ sXh ~ tbaEk\i }

�* f�[bZ 3 f 3 cM[bZ2,bes[bhgt7Zmt7egk hs[bZ nh,bk>1ri =dkmfbUraYB#m ~ nregpHegUXhgnrafcM[bZ\ZmtbY [ ~s~ [C@0BfsXaEprcCoj.Ea[@XnrZ ~
UrY [7h n ~ UXhDZ)W�[bZ)BqZm[7UXZ\� pre ~ p{Z0_EUe@0B p

k
- prcEk\iqnrZ\Z prY U ~ a1pri W�[7aEa!BIkLp = [ ~ sXZ ~ tbegkdegf n W p }

N f ~ p f UrY [7h nrUXh ~ [bf7tbh ~ = [ ~ sXZ ~ tbegk@egf n W UXY [7h n ~ UXhgaEpri aE[^�X[7fbkmi ]
n̂k = â†kâk.

Y (X} xry Z
*"~ [bZ os[7eGhgt7egfb[C,besir[besf nrW UXY [bh n ~ UXhgpqY [7cEk>@ [bZ 3 nrZ\Z

N̂ =
∑

k

n̂k

Y (X} xb(^Z
p Z priY=1pra }

N fb[7a UXY [7h n ~ UXhgUri es[D@em ~ egtC@Xt7�r[bZ p�j1U#, ie- ~ t7hr=1n hgW�[bZ2B nrZ\Z prY U ~ n ~ [bZ 3 Zm[D_d[ ~ n ZmZ>m -
~ praEk+p9Y3hstbesfb[D,7egi t ~ aE[7W ~ prh ~ prZ\W p fD1 Z �rn i#.{.EW nrZmZmprY U ~ =w1XZgZC_Ekmesfb[7a!p =1nrf7kmes�r[bi ~ UrhgUXiY3j1Ub, ie-Q=Enrfbk\e Z cM[bZ2mmhj_1p ~ 1ri5]

ΨF
α1,α2...αN

(x1 . . . xN )←→ |n1 . . . ni . . .〉 = |{α1, α2 . . . αN}〉 =

N∏

i=1

â†αi
|0〉 .
Y (X} xXx`Z* � nriY.[.EW n ZmZ p Y U ~ h p ~ [bhsW�t7egfb[ ~ [7eg[ba�cM[baEa nrZmZ\a1pri�prf prZmn0=[=Ek	sregegf7[Cc 5 @0@Xtbes[bi ]

〈0|0〉 = 1,
Y (X} x09 p Z

âk |0〉 = 0,
Y (X} x09 = Z

〈0| â†k = 0.
Y (X} x09 , Z

�������2��� � )��<)�*")�,.,�!0/�143 507 !0/2149:* 14!<143 )->?!$#;@-14)-#&A�'
6 UXfbUXadUXi jLU#, ie- ~ [bhgt7aE[bi�=1n fbkme �X[7i ~ UXh p k ~ prf�Y (X}pE p Z [D@0Br[baEZ\[ ~ p cCogp�W�[D@[ZVm2@0B�= UrfbUh-
adUXiH[bes[ ~ tba �r[bf7[bege 5 i = [ prf prZmn0=[=Ek@ir[bZ ~43 tbe�[bZ ~45 a ~ [ ~43 UXY [bhgn ~ UrhgUXiCp ~ ]
â†k |n1 . . . nk−1, nk, nk+1 . . .〉 =

√
nk + 1 |n1 . . . nk−1, nk + 1, nk+1 . . .〉 ,Y (X} x z p Z

âk |n1 . . . nk−1, nk, nk+1 . . .〉 =
√
nk |n1 . . . nk−1, nk − 1, nk+1 . . .〉 .

Y (X} x z = Z



F � ;):�� 0M: (�4bA 4b&! EB =K;+*-=C;+&);#" :� [%)A'&
* f Y (X} x z p Z [D@0Br[baEZ\[ ~s~ [bZVcE[%bEaEk nrZ ~ UrY [7h n ~ UXh ~ aE[7�r[bfbk\i9i [bZ ~43 UXY [bhgn ~ Urhga1priVZGW�[bh ~Y pfcM[bhsW�k\UXaEUXi+a1nrZ ~ nrhj@0B)p Z ~ _dUXf _1presUXaEZ>1Xpra Z [bf��Ikmesf n ~ [D@e@hBX[bZ�a1ph@0BXUe={=9hstbegf7[D,7e^-
ir[besf nrW i nrZmZmprY U ~ =1p{Z W}m>@ prf Y (X} xCz = Z [D@0Br[baEZ\[ ~g~ [bZ cE[%b1adk nrZ ~ UXY [bhgn ~ Urh ~ [7Z ~/5 a ~ [ ~/3
UXY [7h n ~ UXhgaEpri aE[^�X[7fbkmi }
B 0 0�CM:$ 14ED * f Y (X} x z Z [C@0BX[7aEZm[ ~ [bi+i [bZ-cE[%b1adk nrZ ~ ir[bZ ~43 tbe�[bZ ~45 a ~ [ ~43 UXY [bhgn ~ UXhsUXi [C@0B!-
W nre�p cCoj.Ea[@)n Z ~ ogp k }* =dkmfbUraYB#m ~ nre ~ [7Z os[7eg[baDpra1prZ21e@ p�cM[7hgW�kmUXadUXi+a1nrZ ~ nrh/@0BXprZ ~s~ prZ }n� fbk\a ~ tba i+k ~ [7hMos[7egf ~ -_E[ ~ o 5 i�p�ir[7Z ~43 tbe�[7Z ~45 a ~ [ ~/3 UXY [bhgn ~ UrhgUXin_1p ~ n e n ~ p =Ehgp �r[bi ~ UXhsUXi+h p kmeU]
〈. . . nk+1, nk, nk−1 . . . n1| âk =

√
nk + 1 〈. . . nk+1, nk + 1, nk−1 . . . n1| ,Y (X} xX| p Z

〈. . . nk+1, nk, nk−1 . . . n1| â†k =
√
nk 〈. . . nk+1, nk − 1, nk−1 . . . n1| .

Y (X} xX| = Z
B 0 0�CM:$ 14ED 6 UXf7UXaEUXi [beg[ ~ t7a p�ir[7Z ~43 t7e�[bZ ~/5 a ~ [ ~43 UXY [7h n ~ UXhgUri prf p Z n0=[=dk irUXW�W .b-
~ n ~ UXhGhg[7Z n0,7k>1XiCp ~ [bZmtC@em ~ kmi�i+k0]

[
âk, â

†
l

]
= δk,l,

Y (X} x0E p Z
[
âk, âl

]
=
[
â†k, â

†
l

]
= 0,

Y (r} x0E = Z
p0_EUXZ p�esfDse@XZ\[ ~ [be�f nrhj1Cos[bZ p egf7UXiCnregUre�i UXW�W . ~ n ~ UXh ~ os[bZ2sXZmk ] [

Â, B̂
]

= ÂB̂ − B̂Â }NPf7[ba`nrZ\Z>m ~ nre =dkmfbUraYB#m ~ nregp�kme _1presUXaEZ>1�p cM[7hgW�kmUXaEUriIaEnrZ ~ nrhj@0B)p Z ~ _dUXf }A6 UXfbUXadUXi [beg[ -
~ tba [C@0B sXadW p0@Xn0=1pra�k\e'tbhscE[bi [be5nrZmZ2m ~ n e ~ Zm[D_d[ ~ i+kmW�UXaEc1p aEk/YMW�[7Z2BX[ ~ pGirt7e 3 =[=dkm[biY= [ba_1pregf7a1nrZ\aEk'kme cMU0@e.EaEi Z ]
B 0 0�CM:$ 14ED

[
âk,
(
â†k
)n]

= n
(
â†k
)n−1

.
Y (r} xe8+Z

� A3&!xw" 6�C :� 14 D * f�n ZmZ>m ~ nre ~	~ [bZ os[7e�kmaEc[.di0,bk21<�rp Z'Z n ~ oj.Ei�= [ }
• n = 1

[7eg[ ~ tba [
âk, â

†
k

]
= 1

a!BIkmZ\� nra)� prZ21 prf Y (X} x0E p Z sXegesfb[Cc 5 @e@XtbeVprZmprYIognra }
• n = 2

[bes[ ~ t7a [
âk,
(
â†k
)2]

= âkâ
†
kâ

†
k−â

†
kâ

†
kâk = â†k+â†k(âkâ

†
k−â

†
kâk) = 2â†kQ c _ } prf nrZmZ2m ~ nre

n− 1
- hg[�k2@)prf } N iIi UXh:]

[
âk,
(
â†k
)n]

= âk

(
â†k
)n −

(
â†k
)n
âk = âkâ

†
k

(
â†k
)n−1 −

(
â†k
)n
âk =

= (1 + â†kâk)
(
â†k
)n−1 −

(
â†k
)n
âk =

(
â†k
)n−1

+ â†k
[
âk,
(
â†k
)n−1]

=

=
(
â†k
)n−1

+ (n− 1)
(
â†k
)n−1

= n
(
â†k
)n−1 Y (r} x0F`Z

� * = [ ~ sXZ ~ tbegk@egf n W�UXY [bh n ~ UXh = UXfbUraEUXi+a1nrZ k\e
n̂k = â†kâk,

Y (r} x0;`Z



(r}p9d}��% , �#-/� , (+�'� , �)6 ;
W�[bZ)B#= 3 Z@p ~ [bZ os[beGhgt7egf7[D,besir[7egf n W UXY [bhgn ~ UXhgp�[bZ 3 nrZmZ

N̂ =
∑

k

n̂k

Y (X}:9Xy Z
p Z priY=1pra }
B 030�CM:� E4ED 6 UXfbUXadUXi+h p p�j1U#, ie-Q=1nrf7kmeU]

ΨB
α1,α2...αN

(x1 . . . xN)←→ |n1..ni..〉 = |{α1, α2 . . . αN}〉 =
1√∏
i ni!

N∏

i=1

â†αi
|0〉

Y (X}:9{(^Z
p Z priYi }� AM&!xw" 6�C :� 14ED * aEUXhgW�nrZmnregk[c3pri ~ UXh = [bZmn ~ nregp�p f Y (r} xe8+Z [C@0BX[7aEZm[ ~ cM[bZ2_1pregf7a1nrZmnre n � prZ
~ sXh ~ tbaEk\i } NA_[_E[7f prZmpriYm ~ e/.EiDn ~ prf Y (X}:9{(^Z =1nrf7kme �X[bi ~ UXhgUXiCp ~ p ir[7Z ~43 UXY [bhgn ~ UXhsUXi
i UXW�W . ~ n Z nregnra1pri cM[bZ2_1pregf7a1nrZmnre n � prZ prf

|n1 . . . ni . . .〉 =
1√∏
i ni!

(
â†1
)n1

. . .
(
â†i
)ni . . . |0〉 Y (X}:9)x`Z

p Z pri+h p } N iIi UXhVprf Y (X}:9{(^Z =Enrfbk\es�X[7i ~ UXhsUXi�aEUXhsW pradtD@0BIfb[ ~ [_]
〈. . . ni . . . n1|n1 . . . ni . . .〉 =

=
1∏
i ni!
〈0| . . .

(
âi

)ni . . .
(
â1

)n1
(
â†1
)n1

. . .
(
â†i
)ni . . . |0〉 =

=
n1!∏
i ni!
〈0| . . .

(
âi

)ni . . .
(
â2

)n2
(
â†2
)n2

. . .
(
â†i
)ni . . . |0〉 , Y (X}:9e9 Z

_dkmegf7[ba�prf Y (X} xe8`Z [C@0BX[7aEZm[ ~ cM[bZ>_Epregf7a1nrZ n e n � prZ
(â1)

n1(â†1)
n1 = n1(â1)

n1−1(â†1)
n1−1 +

(â1)
n1−1(â†1)

n1 â1

prc[1IcEkmi } * W�nresU�cEk\i ~ p0@ � nriY.[.dW � nrh/_Ep ~ 1Ht7h ~ tbir[ y Z@W�k �X[bZ
â1osU0=[=Eh p [D@hB UrZ2B)p a nrZ\Z prY U ~ h p _1p ~ Z prW�k>= [ba`aEkma{,be�kmZ2Br[ba hgtbesfb[C,begi [ } * ~ se=[=Ek YEnrhghgp

k\eG[bf ~ �rtD@Xk2@e,beskma1n Z\� pqtbYEY [ba 〈. . . ni . . . n1|n1 . . . ni . . .〉 = 1
- [ ~ i p Y[.EaEi }

�* � nriY.[.EW nrZmZmprY U ~ hgp k ~g~ k\e cM[bada`nrZmZ\a1pri�p cM[bhsW�k\UXaEUXi+a1nrZLW�nrh	esfb[7hg[bYdZ 3 sXegesfb[ -c 5 @e@Xtbes[bi ]
〈0|0〉 = 1,

Y (X}:9rz p Z
âk |0〉 = 0,

Y (X}:9rz = Z
〈0| â†k = 0.

Y (X}:9rz , Z
798�� 8 � FIH =����IH�� DG= H =9A
* f [bZ 3 f 3 prZ2cM[ os[bf7[ ~ [7iY= [7a�W�[C@XirUXade ~ hj.1nrZ ~ .Ei�p j1U#, i!- ~ [7hg[ ~ [D@0B�[bZ 3 hg[ � nrZ presf ~ U ~g~
[C@0BIhgt7egfb[C,besir[ ~ [7Z os[7e�UXh ~ UXaEUXhsW nrZ ~ hs[baEcEesfb[7h eg[C@em ~ egtC@Xt7�r[bZ�tbe�[bf7[ba9p ~ tbhg[7a9UrZ2B)p a
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Zmkmad[ nrhskme�UXY [bhgn ~ UrhgUXiCp ~ �X[7fb[ ~g~45 aEi = [0Z5W�[7Z2Br[bi p j1U#, ie- ~ t7h i 5 Z>sXaY=wsXf 3 hgtbesfb[C,begi [J-
egf n W i esfb[bi ~ UXh prk ~ ihs ~ s ~s~ t7i}sregegf7[�prfVnrZ ~ prZ>.daEi!� nrZ p egf ~ U ~g~ [D@hB�hstbesfb[D,7egi [�n ZmZ p Y U ~ Uh-
i p ~ i [bZ ~ �X[VkmZmZ\[ ~ �X[�[bZ ~45 a ~ [ ~ �r[ } N fb[7a�UXY [7h n ~ UXhgUriqeg[C@em ~ egtD@rt7�X[7Z@i+k ~ .Ec ~ .Ei cM[ os[7fbaEk p
jLU#, ie- ~ tbh ~ [ ~ esf 3 Z\[D@X[7e n ZmZ p Y U ~ nra1pri =1n hgW�[bZ2B = [ ~ sXZ ~ t7egkEesf nrW�n ~ tbe ~ [bZ os[7ePhgtbesfb[C,begi [J-
egf n W n ~ k\e } � hgcE[7W�[7e5[7fb[ba�UXY [bh n ~ UXhsUXi�Zmk\aE[ n hgkme@irUXW =dkma1n0,7k>1Cogn ~ �X[7aEaEkItbeN= [^�X[7fb[ ~ aEk
p

Ψ̂†(x) :=

∞∑

j=1

ϕ∗
j(x)â

†
j,

Y (X}:9)| p Z

Ψ̂(x) :=
∞∑

j=1

ϕj(x)âj

Y (X}:9)| = Z
~ tbhsUXY [bh n ~ UXhsUXiCp ~ } NPf7[ba UXY [bhgn ~ UXhsUXi egf7kma ~ t7a�[D@0BIW�nre�prcCoj.da[@)nrZ ~ ogprkMY p _#.dZmZ n W -c 5 @e@r�rtba!B t7e p!Z\tbY ~ [ ~/3 UXY [bhgn ~ UXhsUXi�egUrhghg[7aEcCos[�a!BIkmZ � nra�W�kmadcE[D@0B0Zb_dkmegf7[ba�. ~ 1e=[=dk pri
p j1Ub, ie- ~ tbh!nrZmZmprY U ~ prk ~ Zmt7Y ~ [ ~ kmi ,7e priVZA_Y.EZmZmnrW c 5 @e@r�rtba!BIhg[ ad[bW _1p ~ aEpri Z^}f* f ~ k\e
i0sXaEa!B ��W�[D@XW . ~ p ~ aEkgZ!_EU0@0B�p ~ tbhgUrY [7h n ~ UXhgUXi p f��

r
� _E[bZ)BX[7a��

s
� egYEk\aEaE[7Z i [bZ ~ [baE[7i

kmZmZ\[ ~ �X[ ~/5 a ~ [ ~ aE[bi�[7Z [D@0BHhgtbesfb[C,begi t ~b}�� @0BXpraEk\e
Ψ̂†(x) |0〉 =

∑

j

ϕ∗
j(x)â

†
j |0〉 ←→

∑

j

ϕ∗
j(x)ϕj(x1) = δ(x− x1),

Y (r}p9eE`Z
W�k �X[bZ

â†j |0〉 ←→ ϕj(x1)
prf Y (r} 8`Z�~ U<� n0=[=1n p f Y (X} xXx`Z tbe prf Y (X}:9{(^Z [C@0BX[7aEZm[ ~ [7i

prZ prY+ognra }a*
δ(x−x1)

egf7kmW = UXZmk\iY.Ee os[bZ2sXZmt7e prZmp ~g~ p
δ(3)(r−r1)δs,s1

os[bZ2sXZmt7e ~ t7h ~ o 5 i }* ir[bZ ~43 t7e [bZ ~/5 a ~ [ ~43 UXY [bhgn ~ UrhgUXi [bes[ ~ t7a Z n ~s~ .EiVZe_EU0@0Bqp�j1U#, ie- ~ t7h 6 Ureg[GkmZ\Zm[ ~ �X[
jL[7hgW�kdhs[baEcEesfb[7hg[bi+hs[ cM[bada�n ZmZ>1 egfbk\W�W�[ ~ hgkmp ~ .EZmpKoscEUXade n0@)p�[7fb[7a�UXY [bhgn ~ UrhgUXi cM[bZ>,7eg[ -
hgtbZ\tbesk'hg[7Z n0,7k>1Cogn0=Epra�a!B�k\Z\� nraY.EZ'W�[D@ } S sXf^�X[ ~ Zm[7a = [D_E[7Z2Br[ ~g~ [bejm ~ t7eges[bZ [bZ\Zm[ba 3 hgk\fD_E[ ~43 Z_EUe@0B

{
Ψ̂(x), Ψ̂†(y)

}
= δ(x− y),

{
Ψ̂†(x), Ψ̂†(y)

}
=
{
Ψ̂(x), Ψ̂(y)

}
= 0.

Y (X}:9!8 p Z
pra ~ kmi UXW�W . ~ n ~ UXhsUXe cM[bZ2,bes[bhgt7Zmt7egk hg[7Z n0,7k>1 nrZ\Z cM[7aEa cM[7hgW�kmUXadUXi+h pqtbe

[
Ψ̂(x), Ψ̂†(y)

]
= δ(x− y)

[
Ψ̂†(x), Ψ̂†(y)

]
=
[
Ψ̂(x), Ψ̂(y)

]
= 0.

Y (X}:9!8 = Z
irUXW�W . ~ n ~ UXhsUXe hs[bZ nh,bk>1�k2@)prf = UXfbUraEUXi+h p }*�~ [bZ os[7e hgtbesfb[C,begi [besf nrW UXY [7h n ~ UXh kme i+k2cM[ os[bfC_E[ ~/3 p ~ t7hgUXY [bhgn ~ UXhsUXi�es[D@em ~ egtC@Xt7�r[bZ }
jL[7Z>_1p egfbaEnrZ\� p�prf@Y (X}p9`Z UXh ~ Ue@XUXa1p Zmk ~ nregkwsXesegfb[Jc 5 @e@Xt7e ~

∫
dx Ψ̂†(x)Ψ̂(x) =

∫
dx

∞∑

i,j=1

ϕ∗
i (x)ϕj(x)â

†
i âj =

∞∑

i=1

â†i âi = N̂ .
Y (X}p90F Z



(r}p9d}��% , �#-/� , (+�'� , �)6 (0(
S sXaEa!B � = [7Z n ~ aEk-prf ~ kmeCZw_dUe@0B p ~ t7hgUXY [bhgn ~ UrhgUXi`p ~ [bZ os[be�hgtbesfb[C,begi [besf nrW�U ~ [D@e@hBX[bZ
� nrZ ~ UXf ~ p ~ ognriVZe_Ek\egfb[7aHprfMY (X}p9e8`Z cM[bZ2,beg[7hgt7Zmtbesk1hg[7Z n0,7k>1Xi�eg[D@0m ~ estD@Xt^�X[7Z W�[D@rW . ~ p ~ _1p ~ 1[Z_dUe@0B [

Ψ̂(x), N̂
]

= Ψ̂(x)
tbe [

Ψ̂†(x), N̂
]

= −Ψ̂†(x)
W�kmadc = UXfbUXadUXi+h p W�kmaEc cM[bh -

W�kmUraEUXi+h pqt7e m2@0BeZ{_1p
N̂ |ΦN 〉 = N |ΦN〉 ,

Y (X}:9e; Z
[C@0B

N
hstbegf7[D,7egirt7e�nrZ\Z prY U ~ Z#i[@0B

N̂Ψ̂(x) |ΦN〉 = (N − 1)Ψ̂(x) |ΦN〉 ,
Y (X} z)y p Z

N̂Ψ̂†(x) |ΦN〉 = (N + 1)Ψ̂†(x) |ΦN〉 .
Y (X} z)y = Z

* ~ t7hgUXY [bhgn ~ UXhsUXiqes[D@em ~ egtC@Xt7�r[bZ@p�j1U#, i!- ~ t7hg[ba prcEU ~s~
N
hstbesfb[D,7egi tbe�nrZmZmprY U ~ _Y.EZ)-

ZmnrW c 5 @e@r�rtba!BX[ cM[bZ2mmhj_1p ~ 1 }
B 030�CM:� E4ED

Φ(x1 . . . xN ) =
1√
N !
〈0|

N∏

i=1

Ψ̂(xi) |ΦN 〉
Y (X} z[(^Z

W�kmadc�= UXfbUXadUXi+h p!W�kmaEc�Y [7cEk>@ cM[bhsW�k\UXaEUXi+h p>Y ~ [bhgW�tbesfb[ ~ [bes[ba	Z�_Epqprf
N
hgt7egfb[C,besirtbe

n ZmZ p Y U ~ h p`aE[bW
N
egfbnrW i ~ t7hgUXY [bhgn ~ Urh ~ _1p ~g~ p ~ .EaEiVZ?pri+irUrh�[bfb[7a n ZmZ p Y U ~ U ~ Y3W�k)-

�r[bZ hgt7egf7[D,besir[7egf n W pHaE[7W�Zm[7egf y Z p��rn i#.{.EW�W�prZ egiCprZ n hgegf7UXhgUrf7� p�aY.EZ\Z n ~ i p Y[.EaEi Z^}
� hsfbtbi [bZ ~ [ ~ tbesirtba ~ adtbfbf 5 aEi`[bhshg[ _1nrhsUXW Y tbZ\c1n ~ ]
(X} * j1U#, i!- ~ t7h

i
i+� pra ~ .EW�esf nrW iq[D@0BIhstbegf7[D,7egir[�nrZ\Z prY U ~ nra1pri _#.dZmZ n W}c 5 @0@r�Xt7aYBr[+]

〈0| Ψ̂(x) |0 . . . 0, 1, 0 . . .〉
i

= 〈0| Ψ̂(x)â†i |0〉 = 〈0|
∑

j

ϕj(x)âj â
†
i |0〉 =

=
∑

j

ϕj(x) 〈0| δij + â†i âj |0〉 = ϕi(x).
Y (X} z+x`Z

x�} * jLU#, ie- ~ tbh
i
tbe
j
i+� pra ~ .EW�esf nrW i n ZmZ p Y U ~ nra1pri _Y.EZ\Z nrW c 5 @e@ �Xtba!Br[@Y

i 6= j
Z ]

1√
2
〈0| Ψ̂(x1)Ψ̂(x2) |0 . . . 0, 1, 0 . . . 0, 1, 0 . . .〉

i j

=

=
1√
2

∑

k,l

〈0| âkâlâ
†
i â

†
j |0〉ϕk(x1)ϕl(x2) =

=
1√
2

[ϕi(x1)ϕj(x2)± ϕi(x2)ϕj(x1)] .
Y (X} z!9 Z
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9d} * j1U#, i!- ~ t7h!UXZ)B)pra irt ~ hgt7egfb[C,besir[ nrZmZmprY U ~ nra1p if_Y.EZmZmnrW}c 5 @e@r�Xt7a!BX[0ZlW�[7Z2B#= [7a
W�k\aEcEi t ~ hgt7egf7[D,besir[�p f

i
[C@0BIhgt7egfb[C,besir[�i)� pra ~ .EW�egfbnrW i nrZmZmprY U ~ =1pra�� pra�]

1√
2
〈0| Ψ̂(x1)Ψ̂(x2)

1√
2
(â†i )

2 |0〉 =
1

2

∑

k,l

〈0| âkâl(â
†
i )

2 |0〉×

× ϕk(x1)ϕl(x2) =

{
ϕi(x1)ϕi(x2)

= UXf7UXaEUXi+hgp
0

cM[bhsW�k\UXaEUXi+h p Y (r} zXz Z
� A3&!xw" 6�C :� 14 D N Zme 3 Z\tbY tbesirtba ~ aEtbf7f 5 i�W�[D@�prf Y (X} z{(^Z c 5 @e@ �Xtba!B`aEUrhgW�nrZ ~ e n0@)n ~��
∫

dx1 . . .dxNΦ∗(x1 . . . xN)Φ(x1 . . . xN ) =

=
1

N !

∫
dx1 . . .dxN 〈ΦN |

1∏

i=N

Ψ̂†(xi) |0〉 〈0|
N∏

j=1

Ψ̂(xj) |ΦN 〉 .
Y (r} z+|+Z

* � nriY.[.EW nrZmZmprY U ~ hgp`�r[ ~ m ~43 |0〉 〈0| YdhgUCos[7i ~ UXhq[7Z>_1p0@hBb_Ep ~ 1[Z _Ekmesfb[ba ~/3 Zm[�osUe=[=dh pp�� nriY.[.EW n ZmZ p Y U ~ esf nrW�egf7UXhgUre p � pra	Z'W�k\�r[bZ5prf
N
~ t7hgUXY [bhgn ~ UXh a#.dZmZ p�hgt7egfb[C,besir[J-

egf n W i nrZ\Z prY U ~ =1pH��k\egf7k	prf
N
hgtbesfb[C,begi tbe�nrZmZmprY U ~ U ~b}�* f Y (r} z+|+Z adUXhgW�n ~ ~ U<� n0=[=mmhs� pqt7e cM[7Z>_1p egfbaEnrZ\� p prf@Y (r} z)y p Z sXegesfb[Jc 5 @e@Xt7e ~

1

N !

∫
dx1 . . .dxN 〈ΦN |

1∏

i=N

Ψ̂†(xi)
N∏

j=1

Ψ̂(xj) |ΦN 〉 =

=
1

N !
〈ΦN |

∫
dx2 . . .dxN Ψ̂†(xN ) . . . Ψ̂†(x2)N̂Ψ̂(x2) . . . Ψ̂(xN ) |ΦN 〉 =

=
1

N !
〈ΦN |

∫
dx3 . . .dxN Ψ̂†(xN ) . . . Ψ̂†(x3)N̂Ψ̂(x3) . . . Ψ̂(xN ) |ΦN 〉 =

1 · 2
N !
〈ΦN |

∫
dx4 . . .dxN Ψ̂†(xN) . . . Ψ̂†(x4)N̂Ψ̂(x4) . . . Ψ̂(xN) |ΦN〉 =

= . . . =
N !

N !
〈ΦN |ΦN〉 = 1.

Y (X} zeE Z
q nreghstbegf ~ aEtbf7f 5 i�W�[C@[Z#_EUe@0B�W�kmZ2Br[ban_1p ~ n ege p Z � pra`p ~ tbhsUXY [bh n ~ UXhsUXi egfbUrhgf p ~ p

prf Y (X} xXx`Z tbe�prf Y (r}p9{()Z j1Ub, ie-Q=Enrfbk\egh p } j1[bZ2= UXa ~ �rp p ~ tbhsUXY [7h n ~ UXhgUri p ~ prf Y (r}p9)|+Z
cE[%b1a{m>,bk21Xa1pri�W�[C@0cM[bZ\[bZ 3 [7aHtbeVprf sXesegfb[C@Xfbt7egk-kmaEcd[^]�[bi [ ~

β1, β2 . . . βN

- [7Z�os[bZ2sXZ\�r[+]

1√
N !
〈0|

N∏

j=1

Ψ̂(xj) |{α1 . . . αN}〉 =
1√

N !
∏

i ni!
〈0|

N∏

j=1

Ψ̂(xj)
N∏

k=1

â†αk
|0〉 =

=
1√

N !
∏

i ni!

∞∑

β1...βN=1

ϕβ1(x1) . . . ϕβN
(xN ) 〈0| âβ1 . . . âβN

â†α1
. . . â†αN

|0〉 ,
Y (r} zY8+Z
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W�[bZ)B = UXf7UXaEUXi+hgpHtbercM[7hgW�kmUXaEUriIhgp kmeV[D@0BXprh n a ~ k2@)prf>Y cM[7hgW�kmUXaEUri [7eg[ ~ tba ∏

i ni! =
1
Z^} * f sXesegfb[C@ = [7Zmes[ ostD= [ba�esfb[7hg[bYdZ 3 n ~ Z p0@ Y UXa ~ UXegpra`pri+irUXh aE[bW y Zb_1p

(β1 . . . βN)t7YEY [ba
(α1 . . . αN)

� prZmprW�[7Z2BIkmi�Y [7hgW . ~ n0,7k>1Cogp }@� @0B�p
β1 . . . βN

esfb[7hgkma ~ k sXesegfb[C@Xfbt7e
p f

(α1 . . . αN )
$ "�*> �� �  #" .  �� 6 �2��$ -/� , * 	 �0(21�$03�$ , 4�~ sXh ~ t7aEkmi�� } * fMY (X} xXx`Z t7e?prfMY (X}:9{(^Zj1U#, ie-Q=1nrf7kmeGaEUrhgW�nrZ ~ e n0@)nh= 1XZ i0s<�r[ ~ i [bf7kmiVZ _dUe@0B

〈0| âαN
. . . âα1 â

†
α1
. . . â†αN

|0〉 =

(
∏

i

ni!

)
.

Y (X} z!F Z
*
β1, β2 . . . βN

egfbnrW�esUXhgUrf p ~ [D@hBXtD=DY [7hgW . ~ n0,bk21Cognrhgp{Z W�[7Z2B ad[bW y [7hg[7cEW n aYBIhs[
�r[bf7[ ~ prfP[bhg[7cEW�tba!B = UrfbUXaEUri�[bes[ ~ t7a�� nrZ ~ UXfbp ~ Zmpra	ZDcM[7hgW�kmUXaEUri [bes[ ~ tbaqpGY [bhsW . ~ nh,bk>1
YEnrhgUXese n0@Xn ~ 1XZ c 5 @e@ 3 [ba

(−1)
[7Z 3 os[7Z>= [ba`i 5 Z>sra#=wsXf7kmi }J� @0B

1√
N !
〈0|

N∏

j=1

Ψ̂(xj) |{α1 . . . αN}〉 =

√∏
i ni!

N !

∑

[α]

(±1)Pα ϕα1(x1) . . . ϕαN
(xN )

Y (X} z!; Z* f sXegesfb[D@rfbtbe ~ [C_1n ~ prf
α1, α2 . . . αN

egUXhsUXf p ~ k\egW�t ~ Z\tbeHadtbZmi 5 Z\k�Y [bhgW . ~ n0,7k>1Xk\h p
~ sXh ~ tbaEk\i YMW�[7Z2B cM[bhsW�k\UXaEUXi [bes[ ~ t7a	Z-p0_EUXZ5W�k\aEcE[7a i+� pra ~ .EW�esf nrW Zm[D@hcM[bZ os[C=[= [D@hBY-
esfb[7h esfb[7hg[bY [bZ2_E[ ~ Z ~ [7hgW�tbesfb[ ~ [bes[baW�[D@X[C@0BX[7fbk\iRprf kmesW�t ~ Z\tbeg[7e�Y [7hgW . ~ n0,7k>1Xi+iCprZ Z }* f�Y (r} z!;`Z prZ p i ~ [D_En ~�~ t7aYBIZ\[D@ prf�Y (X}:E Z =1n fbkmesUXi+iCprZ [7i+�Ik �rp Zm[badeDZ _Ekmesfb[ba�U ~g~ prfsregegf7[D@Xf7tbe`prf kmegW�t ~ Zmt7eg[be�Y [bhgW . ~ n0,7k>1Xi+hgp ~ srh ~ t7a ~ Z�W�[7Z2BX= UXfbUraEUXi [bes[ ~ t7a�pDirt ~
adUXhgW�nrZ n e�ihsXf ~ k i 5 Z2sXaY=EegtC@X[ ~ p cCogp�� } * f�Y (X} z{(^Z n ZmZ>m ~ nre [C=[= 3 ZVW�nrh�i0s<�X[ ~ ir[7fbk\iY3prf Y (X}:E Z =1n fbkme ~ [bZ os[begestD@Xt7aE[bi�cM[7Z>_1p egfbaEnrZ nregn �rp Z Z^}

�

798���8 ; ��R �
	��IH D�BEDGFIH =����IH � DG= H%X RUL�X A H ����H ��� � LCD�� � �9NGX
* f�[7Z 3 f 3 [7iY= [7a W�[D@XW . ~ p ~s~ .EiVZ�_EU0@0B`prf

N
hgt7egfb[C,besirt ~�~ prh ~ prZmW�prfC1�i+� pra ~ .EW�W�[J-,L_EpraEkmiCprk5hg[7aEcEegf7[bh nrZ\Z prY U ~g~ [bhs[�t7h ~ [7ZmW�[bfC_E[ ~/3 [D@0B nrZ ~ prZ nradUXe p0={= nrZ\Z prY U ~g~ tbhVprZ ~ [J-

hs[bi tba ~ } NA=[= [ba prf!p Z2cM[ os[7fb[ ~ = [ba prf!p ,bt7Z>.EadiwZV_EU0@0B prf
N
hstbesfb[D,7egi tbe < k\Z>= [bh ~ - ~ tbh

UrY [7h n ~ UXh prk\a1pri`p�_1p ~ nregn ~ W�[D@r�Ikmf7e/@)n Z oj.Ei`p�j1U#, i!- ~ t7h Y (r} xXx+Z tbe@Y (X}:9{(^Z =Enrfbk\es�X[7ie-
~ UXh p kma tbe m>@0B W�[C@)prcCoj.di prZ p i oj.di p ~ p = [ ~ sXZ ~ tbegklegf n W hg[bYdhg[bf7[ba ~ nh,bk>10=1pra }n* f}iCo
UrY [7h n ~ UXhgUXi�W�nrh p ~ [7Z os[7e	j1U#, i!- ~ t7hg[ba Zm[besfbaE[7i�t7h ~ [bZmW�[bf^�X[hZd�Ikmegf7UXa ~ a!BIkmZ �rn a+� prZ21)pra
[7Z\� nrh oj.Ei prf ~V~43 Z 5 iVZ _EUe@hB ad[!�Ik>@0Br[baE[7i n ~ p i 5 Z>sXaY=wsXf 3 hgtbesfb[C,begi [besf nrW iDprZ ~ [bhs[biYMegf7[bi ~ UXhsUXi Z ihsXfDs ~g~ ZE� p0@hB�k\e =EZmUriIi+cEkmp0@XUXaEnrZmk\e pri Zm[C@0BX[7aE[bi } N f�p�i+hgk ~ t7hgk>.dW Y3W�kma ~
ad[bW�egUXiCnrhgp�Y tbZ\c1nrirUra n ~ Zmn ~ aEk cMU0@<oj.Ei Z Y[.degf ~ nra"prf ~ os[bZm[7a ~ kgZ _EUe@0B�p < k\Z>= [bh ~ -
~ [bh 5 aEi UXY [bhgn ~ UXhgprkmaEpri j1U#, ie- ~ t7h/= [bZ\k hg[7YEhg[7fb[ba ~ n0,bk21Cogn0=1pra Y UXa ~ UXegpra .{@0B)praEpraEa!BIk
[7Z ~/5 a ~ [ ~/3 W�kma ~ i [bZ ~43 UXY [bh n ~ UXhGZ\[D@0Br[ba }

�� �
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N @hB�hstbesfb[D,7egi [!UXY [bhgn ~ UXhsa1pri�UXZ2BXpra�UXY [bhgn ~ UXh ~ aE[^�X[bf 5 aEiVZ W�[7Z2B},begpriH[D@hB Y3Y tbZ\c1n0.EZ
prf
i
-/[bcEk\i Z hgt7egf7[D,besir[ � nrZ ~ UXfD1Cogn h p _1p ~ ZKos[7Z>sXZ\tbes[+]

Ô(1)(i)
} l tbZ\c1pq[bhshg[�prf

i
- [7cEkmi�hgt -

egfb[C,besir[�kmW�Y[.EZ\fD.Eegp
P i = −i}∇i

}A* f nrZ ~ Z prZ2.EaEi ��k\fbej@)nrZ ~ W�[baEa!BIkmestD@X[7i ~ [bhsW�t7egfb[ -
~ [bes[ba aE[7W ~45 a ~ [ ~ aE[biqi+kE[C@0Bqhstbesfb[D,7egi t ~ eg[bW Z)[bf7tbh ~ ,be p i i } a }5~ [bZ os[7e [D@0BIhstbegf7[D,7egir[
UXY [7h n ~ UXhgUriIiCprZ cMUe@XZ p ZmirUrfD.EaEiVZ�W�[7Z2B�p f

i
hstbesfb[D,7egi [bkmadcE[^]�hg[�i+k'� pra�sXesegfb[C@X[bf^�X[

Ô
(1)
T =

N∑

i=1

Ô(1)(i).
Y (X} | y Z

jLUra ~ UXe W�[D@ os[D@0Br[bf7aEkgZb_EUe@0B Wnm2@qprf
i
- [7cEkmi�hgt7egfb[C,besir[�� nrZ ~ UXfC1Cognrhgp _1p ~ 1�UXY [bh ~ n ~ Urh

iIk �Ikmegf p egf7kmW�W�[ ~ hgk\f nrZ ~ Y3pra ~ kmesfbk\W�W�[ ~ hgkmfbnrZ ~#Z < kmZ2= [7h ~ - ~ t7h/= 3 ZgZdprcEc[m2@�p ~ [7Z os[7e�[C@0B!-
hgtbesfb[C,begi [�UXY [bhgn ~ UXhsUXiqW�[D@ 3 hgfbk\iqp _Y.EZmZmnrW}c 5 @e@r�Xt7a!B�Y [7hgW . ~ n0,7k>1Xe esfbkmW�W�[ ~ hsk nKogn ~ }
	 Z2BX[7a UrY [7h n ~ UXhghgp`Y tbZ\c1p`p ~ [bZ os[be kmW�Y[.EZ\fD.Ee�UXY [bhgn ~ Urh p ]

P̂ T = −i}
∑

i∇i

Z � p0@0B
p�i+kmad[ ~ k\iY.EeV[7aE[bhj@Xk p UXY [bhgn ~ UXhgp ]

K̂T = −
∑

i }
2∆i/2M

Z1� p0@0B`esYEkmabc 5 @e@ 3 UXY [bhgnS-
~ UXhsh p�Y t7Zmc1p�p egYdkmab-/Y1nrZ2BXpqi0sXZ2,bejsXa[_1p ~ nre�UXY [bh n ~ UXhgp ]

Êsp
T =

∑
i ξ(ri)(r̂i × p̂i

)Ŝi
}

B 0 0�CM:$ 14ED * ~ [bZ os[7e�[D@0BIhstbegf7[D,7egir[�UXY [bh n ~ UXhsUXi p Z pribogp�= [ ~ srZ ~ t7egk5egf n W hg[7YEhg[7fb[7a ~ nS-,bk>10=1pra�]
Ô

(1)
T =

∑

j,k

〈ϕk| Ô(1) |ϕj〉 â†kâj,
Y (X} |b( p Z

p0_EUXZ
〈ϕk| Ô(1) |ϕj〉 =

∫
dxa ϕ

∗
k(xa)Ô

(1)(a)ϕj(xa)
Y (X} |b( = Z

p esfbUXiCnresUXeVn ~ Zmp0@XU ~ os[bZ>srZmk }
� A3&!xw" 6�C :� 14 D * =Ek\fbUXa!B#m ~ nre [7Zme 3 Zmt7Y t7eg[VW�[C@XaEtbf7aEkgZY_EU0@0B�prfV[C@0BIhgt7egfb[C,besir[ UXY [bh ny-
~ UXhsUXi _EUe@hB _1p ~ a1pri prfP[D@hB�hstbesfb[D,7egi [ _Y.EZ\Z nrW c 5 @e@ �Xtba!Br[bi+hg[ } j1[bZ2_1pregf7a1nrZ �rp�prf Y (X} x+Z
~ [bZ os[besegtD@rkOsXegesfb[Cc 5 @e@Xtbe ~

Ô(1)(j)ϕαj
(xj) =

∞∑

k=1

ϕk(xj) 〈ϕk| Ô(1)
∣∣ϕαj

〉 Y (r} |Xx+Z

prc[1IcEkmi } N i+irUXh _1p ~ nre p p egf7UXhgfbp ~ _Y.EZ\Z nrW c 5 @e@r�rtba!BX[7ir[7a�]

Ô(1)(j)
N∏

i=1

ϕαi
(xi) =

∞∑

k=1

ϕα1(x1) . . . ϕαj−1
(xj−1)ϕk(xj)ϕαj+1

(xj+1) . . .×

× ϕαN
(xN) 〈ϕk| Ô(1)

∣∣ϕαj

〉
.
Y (r} |09`Z
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Ô
(1)
T

N∏

i=1

ϕαi
(xi) =

N∑

j=1

∞∑

k=1

ϕα1(x1) . . . ϕαj−1
(xj−1)ϕk(xj)ϕαj+1

(xj+1) . . .×

× ϕαN
(xN) 〈ϕk| Ô(1)

∣∣ϕαj

〉
.
Y (X} | z Z

Q-[bi+kma ~ e 5 i prf prZmn0=[=Ek _#.dZmZ n W}c 5 @0@r�Xt7aYB ~ ]

Ψ′
α1,α2...αN

(x1, x2 . . . xN )=

{
ΨF

α1,α2...αN
(x1, x2 . . . xN )

cM[bhsW�k\UXaEUXi+hgp
√∏

i ni!Ψ
B
α1,α2...αN

(x1, x2 . . . xN )
= UXfbUXadUXi+h pY (X} |X|`Z

W�[bZ)B prfq[D@hB�hstbesfb[D,7egi [�_Y.EZmZmnrW c 5 @e@r�rtba!BX[7i esfbkmW�W�[ ~ hskmfbnrZ ~ kmZ\Zm[ ~ �X[�pra ~ k\egf7kmW�W�[ ~ hgk -
fbnrZ ~ esfbUXhsf p ~ p Y3UXesf ~ � p √

N !
- prZ Z Z'tbe = UXfbUXadUXi [7eg[ ~ tba aE[bW adUXhgW�nrZ ~b} < p p ~ [7Z os[7e

[C@0BIhgt7egfb[C,besir[qUXY [bhgn ~ Urh ~ [bf7[ba p =Enrfbk\egUXa _1p ~s~ p ~ oj.EiVZ1pri+irUXh

Ô
(1)
T Ψ′

α1,α2...αN
(x1, x2 . . . xN ) =

N∑

j=1

∞∑

k=1

Ψ′
α1...αj−1 ,k,αj+1...αN

(x1, x2 . . . xN )×

× 〈ϕk| Ô(1)
∣∣ϕαj

〉
.
Y (X} |0E Z

* f Y (X} |b( p Z nrZ\Z>m ~ nre k2@)prfbUrZ nregn0_EUXf?aEtbf7f 5 i�W�tC@ W�[D@�p f
Ô

(1)
T

~ [bZ os[be5[D@0BIhgt7egf7[D,besir[
UrY [7h n ~ UXh	_1p ~ nre n ~ p ∏N

i=1 â
†
αi
|0〉 j1Ub, ie-d=1nrfbk\egUXa ZCW�[bZ)B�p f Y (X} |X|`Z p Z p ~s~ k Ψ′ - aE[7i cM[bZ\[bZW�[D@ � NPZ\e 3 Zmt7Y t7egi tba ~ �rtD@X[7fbf 5 aEi`[bZ [C@0B`prf7UXaEUXe�n ~ prZ priYm ~ nre ~ ]

Ô
(1)
T â†α1

â†α2
. . . â†αN

|0〉 =
[
Ô

(1)
T , â†α1

]
â†α2

. . . â†αN
|0〉+

+ â†α1

[
Ô

(1)
T , â†α2

]
â†α3

. . . â†αN
|0〉+ . . .+ â†α1

â†α2
. . . â†αN−1

[
Ô

(1)
T , â†αN

]
|0〉 ,Y (X} |e8`Z

W�[bZ)B p0=[=w1XZ1ihsK�r[ ~ ir[bf7kmiVZ�_EUe@hB p�i UXW�W . ~ n ~ UXhgUri!W�nregUIcEkmi ~ p0@ ogp�W�k\aEcEk>@�i+k\[ o ~ k prf
[7Z 3 f 3 i UXW�W . ~ n ~ UXh ~ Z i+k\�rt7�X[ prf . ~ UrZme/1 ~ ph@Xa1nrZ Z W�[7Z2B p fbUXaY=1pra fbt7h/.EeCZ _Ek\egfb[7a prf
[C@0BIhgt7egfb[C,besir[`UXY [bh n ~ UXh p � nriY.[.dW n ZmZ p Y U ~ U ~ p j1Ub, ie- ~ tbh aY.EZmZmp`[7Zm[7W�tC= [�irt7Y [7fbk }* irUXW�W . ~ nrhgUri i+k)cM[ o ~ t7eg[�p f nrZ2=[=Ek?Wn1IcEUXa �XtD@r[bfD_d[ ~43 [7Z prf Y (X})(y8`Z tbe�prf Y (X} x0E ZcM[7Z>,7eg[bhstbZ\tbegk hs[bZmn0,bk21XincM[7Z>_1presfba1n Z nregn<� prZ ]
[
Ô

(1)
T , â†l

]
=

∞∑

j,k=1

〈ϕk| Ô(1) |ϕj〉 (â†kâjâ
†
l − â

†
l â

†
kâj) =

=

∞∑

j,k=1

〈ϕk| Ô(1) |ϕj〉 â†k(âj â
†
l ∓ â

†
l âj) =

∞∑

k=1

〈ϕk| Ô(1) |ϕj〉 â†k,
Y (X} |0F Z
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Y p cM[bZ\e 3 [bZ 3 os[bZO= UXfbUraEUXi+h p prf prZ\e/1 cM[bhsW�k\UXaEUXi+hgpqtbhs�rtba!BX[7e Z }*� @0B`prf Y (X} |#( p Z ~ [7Z os[7e
[D@0BIhgt7egf7[D,besir[qUrY [7h n ~ UXh _1p ~ nre p p�jLU#, ie-Q=1n fbkmesUXa�]

Ô
(1)
T

N∏

j=1

â†αj
|0〉 =

N∑

j=1

∞∑

k=1

〈ϕk| Ô(1)
∣∣ϕαj

〉
â†α1

. . . â†αj−1
â†αk

â†αj+1
. . . â†αN

|0〉 ,
Y (r} |0;`Z

W�[7Z2BRt7YEY [ba W�[D@r[D@0Br[bfbk\i Y (X} |0E Z - [7Z } � @0B p f	Y (X} 8+Z tbe prf Y (X})(e(^Z kmf7UXW�[bh ~ k nraEpri
W�[C@0cM[bZ\[bZ 3 [ba [C@0B�UXY [7h n ~ UXhPkmf7UXW�UhcMhgkmf7W .Ee ~ _EUXf ~ .EaEi Zmt ~ hs[ prfKY (r} |ry`Z

N
hgt7egf7[D,besirt7e_#.dZmZ n W}c 5 @0@r�Xt7aYBr[bi [ba _1p ~ 1 ~ [7Z os[be [D@0BIhgt7egf7[D,besir[�UXY [7h n ~ UXhgUri t7e prfOY (X} |#( p Z j1U#, ie-

~ tbh ~ [bZ os[be�[D@0BIhstbegf7[D,7egir[!UXY [7h n ~ UXh p k'i0sXfCs ~g~b}
�* ~ [bZ os[be [D@0BIhgt7egf7[D,besir[�UXY [7h n ~ UXh ~ W�[D@qZ\[D_E[ ~ prcEaEk ~ t7hgUXY [bhgn ~ UXhsUXi eg[C@em ~ egtD@rt7�X[7Z

kme } S�k>m\hs� p prf�Y (X} |b( = Z egiCprZmnrhgesfbUXhsf p ~ U ~ prf�Y (X} |#( p Z [D@0Br[baEZ\[ ~ = [ba tbercM[7Z>_1presfba1n Z p � p
p ~ tbhsUXY [7h n ~ UXhgUri Y (r}p9)|+Z cE[%b1a{m>,bk21Cogn ~ prc{1�cEk\i p f k2@X[ba�_1p egfbadUXaEe�tbe�egf7[bW�ZmtbZ\[ ~ [be

Ô
(1)
T =

∫
dxaΨ̂

†(xa)Ô
(1)(a)Ψ̂(xa)

Y (r}pEXy`Z
sXegesfb[Cc 5 @e@Xtbe }
�+��� �2��� � 5<1 #;507 � !��<7 ,�! )�> !$#&@�14)-#&)-,
S t ~ hstbegf7[D,7egir[ UXY [7h n ~ UXhgaEpriqUXZ)B)pra UXY [bhgn ~ UXh ~ aE[7�r[bf 5 aEiVZEW�[bZ2B!Y Ura ~ UXe p a�i t ~ Y3Y tbZ)-
c1n0.EZdprf

i
-/[bcEk\i tbePp

j
- [7cEkmi Z hgtbesfb[C,begi [�� nrZ ~ UXfC1Cognrhgpr_1p ~ Z^os[bZ2sXZmt7eg[+]

Ô(2)(i, j)
} l tbZ\c1p

[bhghs[!p�Y1nrhsi0sXZ2,be/sra[_1p ~ nreVUrY [7h n ~ UXh p
V (ri − rj)

} * ~ [bZ os[7eVi t ~ hgtbesfb[C,begi [ UXY [7h n ~ UXhDZ
W�[7Z2B prf

N
hgt7egf7[D,besirt7e egf7kmW�W�[ ~ hgk\f nrZ ~ Y pra ~ k\egf7kmW�W�[ ~ hgk\f nrZ ~ Z nrZ\Z prY U ~ Uri ~ [bhstD= 3 ZXaE[7W

��k\egfqi+k p a1prZ>10@ W}1�cEUra tbh ~ [bZ\W�[7fD_E[ ~43 Z@W�k\a ~ p0_EUe@hB prf ~ prfq[C@0BIhgt7egfb[C,besirtbe�UXY [bh ny-
~ UXhsUXi+h p ~ [ ~g~45 i }A\ p0@hB�k\e�p ~ [bZ os[be�irt ~ hstbegf7[D,7egir[�UrY [7h n ~ UXh�prZ p i ogpE]

Ô
(2)
T =

1

2

N∑

i,j=1

(i6=j)

Ô(2)(i, j).
Y (X}pEb(^Z

B 0 0�CM:$ 14ED * ~ [bZ os[be�i t ~ hgtbesfb[C,begi [HUXY [bhgn ~ UXh prZ p i ogpn= [ ~ sXZ ~ tbesk5esf nrW hg[7YEhg[7fb[ba ~ n0,bk21h-=1pra�]
Ô

(2)
T =

1

2

∫
dxadxbΨ̂

†(xa)Ψ̂
†(xb)Ô

(2)(a, b)Ψ̂(xb)Ψ̂(xa),
Y (X}:E)x p Z

Ô
(2)
T =

1

2

∑

i,j,k,l

〈ϕiϕj| Ô(2) |ϕkϕl〉 â†i â†j âlâk,
Y (X}:E)x = Z

p0_EUXZ
〈ϕiϕj| Ô(2) |ϕkϕl〉 =

∫
dxadxbϕ

∗
i (xa)ϕ

∗
j(xb)Ô

(2)(a, b)ϕk(xa)ϕl(xb).
Y (X}:E)x , Z



(r} zE}����W$ � ��� , ���!�� , �#-/� , (+��� , 4+$ .54�6 , �!- , �'&���./� (+� (�":4 (�8

� AM&!xw" 6�C :� 14ED NPZ 3 egfCsXhlt7hgcE[7W�[7eA= [7Z n ~ aEkgZS_EUe@hB!pVirt ~ p Z pri�[7i+�Ik �rp Zm[badeDZX[7fGprfbUra#=Epra
p ~ tbhsUXY [bh n ~ UXhsUXi`cE[%b1a{m>,bk21Cogn0=w1XZ i0s<�X[ ~ i [bfbk\i } q ph@)nra1pri prf!nrZmZ2m ~ nrega1p i�p�=Ek\fbUXa!B#m)-
~ nre p k ~s~ kme ~ srh ~ t7a[_E[ ~ aE[ _1presUXaEZ>1 W}1�cdUXa�Y',begpri�i+k>,7egk ~ _EUregegfbprc1prZ\W p e p0=[=Epra Z Z)W�kma ~
ph_EUe@0B prf ~ p f�[D@0BIhgt7egf7[D,besir[HUrY [7h n ~ UXhgUXi+a1n Z ~ [ ~g~/5 iVZ cE[ p ~ sXW}sXhgestD@�i [bcd�rtbtbh ~ k ~g~
t7hgcE[7W�[7e [D@0BDW nreskmi . ~ p ~ i0s<�X[ ~ aEk } NPf�Y [bcdk>@ prfhZ _EU0@0B�prf Y (X}:E)x p Z j1U#, ie- ~ t7hg[7a
t7h ~ [bZmW�[bf7[ ~s~ UrY [7h n ~ UXh�_1p ~ n e n ~ sXesegfb[C_1presUXaEZ>m ~ oj.Ei p f	Y (X}pEb(^Z

N
hgtbesfb[C,begi tbe _Y.EZ)-

ZmnrW c 5 @e@r�rtba!BX[7ir[ba�tbh ~ [7ZmW�[bfb[ ~g~ UXY [bhgn ~ Urh�_1p ~ nre n � prZ�prfY (X}p8`Z kmf7UXW�Urh<b1f7W .EegaEpri
W�[D@hcM[bZm[7Z 3 [ba } Q5[C_1n ~ �Ikmf7e/@)nrZ oj.Ei W�[C@

Ô
(2)
T |ΦN 〉

tbe |ΦN 〉
_Y.EZ\Z nrW c 5 @e@ �Xtba!Br[bkmad[bi

iCprYw,besUXZ p ~ n ~b} * f
Ô

(2)
T |ΦN 〉

n ZmZ p Y U ~ a1pri�W�[D@0cM[7Zm[7Z 3 _Y.EZ\Z nrW c 5 @e@r�rtba!B�p fY (X} z[(^Z
[C@0BX[7aEZm[ ~ prZ prY+ognra�]

1√
N !
〈0|

N∏

i=1

Ψ̂(xi)Ô
(2)
T |ΦN〉 .

Y (X}:Ee9 Z
< Ue@0B�pVi t ~ _#.dZmZ n W}c 5 @0@r�Xt7aYB ~ sXegesfb[C_1pregUraEZ>m ~ e/.di!n ~ ir[7ZmZI[bW�[bZ\aEkIp ~ t7hgUXY [bhgn ~ UrhgUXiCp ~
p ~ [7Z os[7e-i t ~ hgtbesfb[C,begi [�UXY [7h n ~ UXhgUra!prf Y (X}p9e8`Z cM[bZ>,7eg[7hgtbZ\tbesk)hg[bZmn0,bk21XircM[7Z>_1presfba1n Z nregn<� prZ }* f [bZme 3�~ tbhsUXY [bh n ~ UXh�n ~ [bW�[bZ\tbegt7aE[bi`p f�[bhg[7cEW�tba!BX[7irtbYdY [7a

N∏

i=1

Ψ̂(xi)Ô
(2)
T =

1

2

N−1∏

i=1

Ψ̂(xi)

[∫
dxbΨ̂

†(xb)Ô
(2)(N, b)Ψ̂(xb)Ψ̂(xN)±

±
∫

dxadxbΨ̂
†(xa)Ψ̂(xN )Ψ̂†(xb)Ô

(2)(a, b)Ψ̂(xb)Ψ̂(xa)

]
=

=
1

2

N−1∏

i=1

Ψ̂(xi)

{∫
dxaΨ̂

†(xa)
[
Ô(2)(N, a) + Ô(2)(a,N)

]
Ψ̂(xa)Ψ̂(xN )+

+

∫
dxadxbΨ̂

†(xa)Ψ̂
†(xb)Ô

(2)(a, b)Ψ̂(xb)Ψ̂(xa)Ψ̂(xN )

} Y (X}:Erz Z
p c[1�cdkmi }A* W n egUIcEkmi ~ t7hgUXY [bhgn ~ UXh ~ kme�n ~ [bW�[bZ �X[ iCprYIoj.EiVZ�_EUe@hB ]

1

2

N−2∏

i=1

Ψ̂(xi)

{[
Ô(2)(N,N − 1) + Ô(2)(N − 1, N)

]
Ψ̂(xN−1)Ψ̂(xN)+

+

∫
dxaΨ̂

†(xa)
[
Ô(2)(N, a) + Ô(2)(a,N) + Ô(2)(N − 1, a)+

+Ô(2)(a,N − 1)
]
Ψ̂(xa)Ψ̂(xN−1)Ψ̂(xN )+

+

∫
dxadxbΨ̂

†(xa)Ψ̂
†(xb)Ô

(2)(a, b)Ψ̂(xb)Ψ̂(xa)Ψ̂(xN−1)Ψ̂(xN)

}
.
Y (X}:E)|`Z
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N ={= 3 Z?W�nrh�Zmn ~ _Ep ~ 1[Za_EUe@hBDp f�sXesegfb[7e ~ t7hgUXY [bhgn ~ UXh�n ~ [bW�[bZmt7eg[n. ~ nra p i0s<�X[ ~ i [bf 3
prZ pri+hgp�oj. ~ .Eadi5]

1

2

{
N∑

j,k=1

(j 6=k)

Ô(2)(j, k) +

∫
dxaΨ̂

†(xa)
N∑

j=1

[
Ô(2)(j, a) + Ô(2)(a, j)

]
Ψ̂(xa)+

+

∫
dxadxbΨ̂

†(xa)Ψ̂
†(xb)Ô

(2)(a, b)Ψ̂(xb)Ψ̂(xa)

}
N∏

i=1

Ψ̂(xi).
Y (r}pEeE`Z

* iCprY ,7egUXe�fbnrh/1Kos[bZ>= [ba�Z\t7� 3 _1nrhgUrW ~ p0@ei sXesegf7[D@X. ~ UrZme/1�i t ~�~ p0@<ogp UXZ2BXpraRZm[7egfhZ
W�[7Z2BX[7i�=1prZ-UXZmc1p Z nra ir[bZ ~43 ~ tbhsUXY [7h n ~ UXhVnrZmZ }r< p [bf7[bir[ ~ p ~ ph@XUXiCp ~ =1prZmhj1XZ egf7UXhgUXf -
fD.Ei pH� nriY.[.EW nrZmZmprY U ~g~ p Zlprf y Z\[begfhZN_Ekmesfb[ba 〈0| Ψ̂†(x) = 0

} \ p0@0BIkme sregegf7[7�r[ ~ �r[
prf@Y (X}:E)x p Z [D@0Br[baEZ\[ ~ [ ~ p�W�UXe ~ W�UXaEcdU ~ pri+iCprZ i p YIoj.EiVZV_EUe@0B5]

1√
N !
〈0|

N∏

i=1

Ψ̂(xi)Ô
(2)
T |ΦN 〉 =

1

2

N∑

j,k=1

j 6=k

Ô(2)(j, k)
1√
N !
〈0|

N∏

i=1

Ψ̂(xi) |ΦN 〉 ,

Y (r}pE!8+Z
tbYEY [ba prW�k ~ = [�egf7[bhg[ ~g~/5 aEi��XUXZ\a1p�Z n ~ aEk }

�

7M8��@8 ; ��AWX ��� X ���9NP=MA F N�� F���� �9A
�V� 8�(I0�� . �	�  #"'&��#1#"#6 �#"�
 , 
 ") �� #" - ( , 6�� , , ��� (21�$03)" �#-/� , (+�'� ,
� &

N ,  #"'&��#1#"#6  #" � $ � ��� , �0�!�! , ��.�� 4+�!3 ,  #"'&��#1#"#6 �#"�
 , 
 ") �  #"M- ( , 6�� , , ��� (21�$03)"�� �����^�
�  �.��>4+� 4�6��U4��

n̂(r, s) =
N∑

i=1

δ(r − ri)δs,si
,

Y (X}:EeF p Z

P̂ (r, s; r′, s′) =

N∑

i,j=1

(i6=j)

δ(r − ri)δs,si
δ(r′ − rj)δs′,sj

.
Y (X}:EeF = Z

���<� 	 6@*>��O�'&��#6 4+� 4�6��U(+�S�����!������ #"�$ "'&)(+* , �!- , �'&���./�0(21�$03+�#4+.��
�V��� ;IJVx 0��a 14 � � &! #"�$�%�&('� #" 4)&! #"�$�%*)24�'���+� ��./� ���!�#6M4+� 4�-Q�U(+. 6 �:& � ��� � ��.O���(�/���,� ��������#"�- �! #"#")��� 6+4�-�� 4+�!3�./�����+���

n̂(r, s) = Ψ̂†(r, s)Ψ̂(r, s),
Y (r}pEe; p Z

P̂ (r, s; r′, s′) = Ψ̂†(r, s)Ψ̂†(r′, s′)Ψ̂(r′, s′)Ψ̂(r, s).
Y (X}pE0; = Z



(r} |�}�� � 6+4+��*@4)&)(�"a�)6> #" -/ �� � (�6 ($;
G	� 8 (�0�� . � � "a�)6��!�#"�� , ��.���"'&�� , � 4+* $ ������.��=�#-/� , (+�'� , 4 �����!������ #"�$ "'&)(+* , �!- , �'&���./�0(^�1�$03+�#4+.
� &

N
*>���6 �2� ��.5���:&:�!��� �/���!��� � ��. ,  #"'&��#1#"#6  �� �04 , �04+��*@4)&�3 , ��.���"'&�� , � 4+* $ ���'��.��=�#-/� , (^��'� , 4�4)& N ,  #"'&��#1#"#6  #" �W$ � ��� , ���!�� , ��.��

Ĥ =

N∑

i=1

[
− }

2

2M
∆i + U(ri)

]
+

1

2

N∑

i,j=1

(i6=j)

V (i, j),
Y (X}p8ry Z

4*�����
∆i

4)&
i
�'���+$ 6 ,  #"'&��#1#"#6 � 6��a� , �+$ .5(+� (<�U( , 4 � 4+��3 � 4�-5� 421#�7�=�#-/� , (+��� , . U(r)

4 ,  7�"'&��#1#"#6  #6 , ��� 4+��3 6 �2� " � -�������. 1�$ (+� . V (i, j)
-/���+$ �\4@6  �� ,  #"'&��#1#"#6 �W6 ��� 1#")��. � 4+�0(�"��C� �7�� ����$�$P���<� 	 6@*>��O�'&���. � 4+* $ ������.��=�#-/� , (+�'� , �S�����!������ #"�$ "'&)(+* , �!- , �'&���./�0(21�$03+�#4+.��

G	� � ;+JVx 0��N 14 ��� &:$ ./�! �.>6 �:& � ��� � ��. �2�54+� 6+4+��*@4)& � 4�4)&! #"�$�%�&('  #" 4)&  #"�$�%*)24�'���+� ��.��� ���!�#6 ��� 4��23��+$ 6 4 �'� � ( �)�:$ 4�6+�#4+. $ �2��. "a�)6+4+�/� 4�"'&:.5(+���S4+� 4�6+�
Ĥ =

∑

s

∫
d3rΨ̂†(r, s)

[
− }

2

2M
∆ + U(r)

]
Ψ̂(r, s)+

+
1

2

∑

s1,s2

∫
d3r1 d3r2 Ψ̂†(r1, s1)Ψ̂

†(r2, s2)V (1, 2)Ψ̂(r2, s2)Ψ̂(r1, s1).
Y (X}p8b(^Z

� , �2��*>�#" *>��<� ��+� �'&:./$ . �����+� �'&K4)&94+� 4�69"'&)( , *@4)&:�04+� � 4+��3 4 6  �� ,  #"'&��#1#"#6 � �#-/� , (+�'���, �)6������!������ #"�$�"'&)(+* , �!- , �'&���./� (21�$03+������$ 4+� 4�6��U4K$ "�*>� , ���!� .  �� 6 �E� $ "W4 �)�#4+.�4M"!-/�#1�$ (+��$ "�#")���0����. . 4+* $ 6�� , 4K6  �� ,  #"'&��#1#"#6 � 6 ��� 1#")��. � 4+� (�" -����!��. 1�$ (+� �U4M"!-5$ . � �����2��� � ��.�$P� 6  ����
,  #"'&��#1#"#6 ��6 ��� 1#")��. � 4+�0(�"�� $ �,� ��.	"!-/�#1�$ (+��$ " �#")���0����. -/���+$ � � ��� � �(�/���	- , ./$94)& 4+� ( �)�:$4+� 4�6+�#4+.��

1

2

N∑

i,j=1

(i6=j)

V (ri; rj) =
1

2

∑

s,s′

∫
d3r d3r′ V (r; r′)P̂ (r, s; r′, s′).

Y (X}p8Xx`Z

� - ( , 6�� , , ��� (21�$03)" � �+��� �  �.��_� � $ "'&���./� *>��>� �(�/���I4��+./$ �����!�����! #"�$ "'&)(+* , �!- , �'&���./�0(^�1�$03+�#4+. 4C6  �� ,  #"'&��#1#"#6 � �#-/� , (+�'� , �)6C$ "�*>� , ����� .  �� 6 �2�P$ "(./�2$ "'&���.��

P̂ (r, s; r′, s′) =
N∑

i,j=1

δ(r − ri)δs,si
δ(r′ − rj)δs′,sj

−

−
N∑

i=1

δ(r − ri)δs,si
δ(r′ − ri)δs′,si

= n̂(r, s)n̂(r′, s′)− n̂(r, s)δ(r − r′)δs,s′ =

= Ψ̂†(r, s)Ψ̂(r, s)Ψ̂†(r′, s′)Ψ̂(r′, s′)− Ψ̂†(r, s)Ψ̂(r, s)δ(r − r′)δs,s′,
Y (X}p809 Z
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U(r) ≡ 0
� ��+� ��.O #" 4 - ( , 6 ��� 1#")��. � 4+�0(�" 1#":4�6 4 6��a� , �+$ .5(+� (�6 6 �2� ��.5��") �2 ������

� �����<� ��.
v(r − r′) := V (r; r′)
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Ĥ =

N∑

i=1

− }
2

2M
∆i +

1

2

N∑

i,j=1

(i6=j)

v(ri − rj),
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ϕk,ms(r, s) =
1√
Ω
eikrχms(s),
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Ω = L3 4 �M�+�7�:&9�� , � ��� 4+�04O #" χms(s) = δms,s
$

� &  #"�$���" 4�'\��+� ��./� �������/� 4�"'&:.5(+� � 4\4 6�$ . ��� $ 6 	 " ��. � , �+$ 4 �#-/� , (+��� , ( , 4
T̂ =

∑

s,s′

∑

k,k′

〈
k′, s′

∣∣∣
p̂2

2M

∣∣∣ k, s
〉
â†k′,s′ âk,s =

∑

k,s

}
2k2

2M
â†k,sâk,s,
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4C6 ��� 1#")��. � 4+� (�"�$ ��. � , �+$ 4 �#-/� , (+��� , 49-/���+$ � Y (X}:E)x = Z � ��� � 4�"'&:.5(+� (�":( � 4+� �
Ĥ1 =

1

2

∑

s1,s2,
s3,s4

∑

k1,k2,
k3,k4

〈k1, s1; k2, s2| v |k3, s3; k4, s4〉 â†k1,s1
â†k2,s2

âk4,s4 âk3,s3.
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〈k1, s1; k2, s2| v |k3, s3; k4, s4〉 =

1

Ω2

∑

m,m′

∫
d3r1 d3r2 e

−ik1r1e−ik2r2×

× v(r2 − r1)e
ik3r2eik4r1χm(s1)χm′(s2)χm′(s3)χm(s4) =

= δs1,s4δs2,s3

∫
d3R d3r e−i(k1+k2−k3−k4)Re−

i
2
(k2−k1)rv(r)e

i
2
(k3−k4)r =

= δk1+k2,k3+k4

1

Ω

∫
d3r e−i(k2−k3)rv(r) = δk1+k2,k3+k4

1

Ω
v(k2 − k3).
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r = r2 − r1

'K6��a� , �+$ .5(+�0(�6 , 4�$P� & 	 �'��� ")3C$ ./�!�� , (+� �#4+.@-/���+$ ��� ��� � ���2�'&:��� 6@4 - ( , 6 ��� �1#")��. � 4+�0(�"�$+-����!��. 1�$ (+����� 	2, $0� , �!� , 4+. "'&�� � , *@(+���>�U(+� . *>���,� ��� � 4�"��04�� ������
 � ���N� ��� ����� �2. 6+$
�%&:� � $ "#"'&)4+- , � 4 4)&  #"�$�� � '9��+� ��./� ���0���(. 4 � 4+* $ ���'��.��=�#-/� , (+��� , 6 �)1#"�� ��. � 4+� (�"�$/�04��<�U( , 44��23��23>�)"#"'&�� � �����2 #"��

Ĥ1 =
1

2Ω

∑

k1,k2,q
s1,s2

v(q)â†k1+q,s1
â†k2−q,s2

âk2,s2 âk1,s1.
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. � 4��+�_$ "��

Ĥ =
∑

k,s

}
2k2

2M
â†k,sâk,s +

1

2Ω

∑

k1,k2,q
s1,s2

v(q)â†k1+q,s1
â†k2−q,s2

âk2,s2 âk1,s1.
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� 	 � � (+*K"'&)(+* � .
s1

"!-5$ .�
� #"O��+�
k2

� 	 � � (+*K"'&)(+* ��.
s2

"!-5$ .�

,  #"'&��#1#"#6 �\(+� "'&�3 , 3��+$ 6  � �#1#")� ,  �� �+�+$ 6(' ��+� k1 + q

� 	 � � (+*K"'&)(+* ��.
s1

"!-5$ .�
 #"���+�
k2− q

� 	 � � (+*K"'&)(+* ��.
s2
"!-5$ .�
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N ,  #"'&��#1#"#6  #" , ��.���"'&�� , �2. 6 � 4+* $ ������.��=�#-/� , (+�'� , 4��
Ĥ = Ĥ0 + Ĥ1
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Ĥ0
��+� ����� � �#" ��+� ,  #"'&��#1#"#6 � �#-/� , (+��� , Ĥ1

-/���+$ � ��+� �!��� � �#" 6  �� ,  #"'&��#1#"#6 �
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Ĥ0 |i〉 = εi |i〉 .
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	 (+���)���)1#6��!�� , ��. �#( , *>���,� (+� � 4�-���� 6�$ � ��� � �/�����+�
|ΦN 〉t =

∑

m

cm(t)
∣∣∣n(m)

1 . . . n
(m)
i . . .

〉
,

∑

i

n
(m)
i = N.
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Ĥ0 =
∑

i

εiâ
†
i âi, Ĥ1 =

∑

i,j,k,l

〈i, j| v̂ |k, l〉 â†i â†jâlâk
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� , �!- 4 , (+� � 	 6\4 , ��.���"'&�� , (+� � 4�-���� (+� ���+��. �����+� t = 0
� �#4+.

Ĥ0
":4<�U(+� (+� � 4�-����0( �#4+.� ��+� ��.��

|ΦN 〉t=0 = |n1 . . . ni . . .〉 .
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i}
∂

∂t
|ΦN 〉t = Ĥ |ΦN〉t .
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Ĥ0

∣∣∣n(m)
1 . . . n

(m)
i . . .

〉
=
∑

k

εkn
(m)
k

∣∣∣n(m)
1 . . . n

(m)
i . . .

〉
.
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i}ċl(t) = cl(t)
∑

k

εkn
(l)
k +

∑

m

cm(t)
〈
. . . n

(l)
j . . . n

(l)
1

∣∣∣ Ĥ1

∣∣∣n(m)
1 . . . n

(m)
j . . .

〉
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cm(t) ≡ bm(t)e−
i
}

P

k n
(m)
k εkt.
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|ΦN 〉t =
∑

m

bm(t)e−
i
}

P

k n
(m)
k εkt

∣∣∣n(m)
1 . . . n

(m)
j . . .
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i}ḃl(t) =
∑

m

bm(t)e
i
}

P

k εk

“

n
(l)
k

−n
(m)
k

”

t
〈
. . . n

(l)
j . . . n

(l)
1

∣∣∣ Ĥ1

∣∣∣n(m)
1 . . . n

(m)
j . . .

〉
.
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i}ḃl(t) =
∑

opqr

∑

m

bm(t)e
i
}

P

k εk

“

n
(l)
k

−n
(m)
k

”

t 〈o, p| v̂ |q, r〉×

×
〈
. . . n

(l)
j . . . n

(l)
1

∣∣∣ â†oâ†pârâq

∣∣∣n(m)
1 . . . n

(m)
j . . .

〉
=
∑

opqr

∑

m

(±1)fm[o,p,r,q]bm(t)×

× e
i
}

P

k εk

“

n
(l)
k

−n
(m)
k

”

t 〈o, p| v̂ |q, r〉
√

(1± n(m)
o )(1± n(m)

p )n
(m)
q n

(m)
r ×

× δ
n

(l)
1 ,n

(m)
1

. . . δ
n

(l)
o +1,n

(m)
o

. . . δ
n

(l)
p +1,n

(m)
p

. . . δ
n

(l)
r −1,n

(m)
r

. . . δ
n

(l)
q −1,n

(m)
q
,
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bl(t) ≡ δl,0,
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(1)
l (t) =

∑

opqr

(±1)f [o,p,r,q] 〈o, p| v̂ |q, r〉
√

(1± no)(1± np)nqnr×

× e i
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(εo+εp−εr−εq)tδ

n
(l)
1 ,n1

. . . δ
n

(l)
o +1,no

. . . δ
n

(l)
p +1,np

. . . δ
n

(l)
r −1,nr

. . . δ
n
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 �4 |q, r〉 6  �� ,  #"'&��#1#"#6 �9(+� � 4�-���� ��3���4)& |o, p〉 6  �� ,  #"'&��#1#"#6 �9(+� � 4�-����0�#4�'+�
Pop,qr =

1

}
|〈o, p| v̂ |q, r〉|2 δ(εo + εp − εq − εr)(1± no)(1± np)nqnr.
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nj � 1
� ������� �  #"#")��� . � 4��+�_$ ">4+* $ 6�� , 4�6�$ � ��� �'&� #"@. ��*

� �+����4 �  � (+� � 4�-����'�)6 �����������!��� � ") �2 ������ $ � 6 � 4+./� 	 * *>�#1(� 4+./$ 6+4+$%4)&���.`�)" ,  #"'&��#1#"#6  #6*>���6 �2� ��.5���:&:�!��� �/���!��� � ��. ") �2�	 ��7�:&���. � 4��+� � � , * $T��. � ����� 4�' 4)&���.5�#4+.O" �2�,���)"�� 4+�0(�"7�":4+� � 4+. 4)& (+� *>��. ��� $ � 4+� 3)"'&�- .�
 ") � , ��$ � � , * $T��.`�)6�.5(+� . 4+*>��./.���$ ����. 4 �  � (+� � 4�-���������!�����!��� � . �+�+���� 4�. ��* � 	 �@4K6 ��� 1#")��. � 4+� (�" 6 � � ��� 6 �'&:�� :����. ,  #"'&��#1#"#6 � ���#"'&�3 , 3��+./$�$



x z � ;):�� 0M: (�4bA 4b&! EB =K;+*-=C;+&);#" :� [%)A'&
� �:&���.`�)6�.5(+�P4)&���.5�#4+.�* $ ./.  ������+�)����. � 4+./.54�6\��+�\4��M��� � ��+� ,  #"'&��#1#"#6 �M(+� � 4�-����0�#4+.4+./.5(+� .54��+���+�)� � 4+� 3)"'&�- .�
 ") ���2��� "'&�3 , 3��+$ 6���� 	 �+�+4+.54 �)�#4 4)&\(+� � 4�-����0�#4 ��+��*@(�"�$ 6,  #"'&��#1#"#6 ��$ � � 421#"a��.��	� ��*> , ") #6�� ������. �'&�4�� � ��.2&)(�"�� ��+��6 �E� ��. �)"��U()&:$ ":(+� 4+� 4�6 	 � (�"7�
���:& � �'&���� . *>���,� ��� � �)")�7� �S$ . "�����$ .��06���.��2��.2&)(21�$03�.54�6M. � � �'&:. �#6+$

� &:$ ./�! �.	 , �2�#6 �#"(.������+� 4 ,  #"'&:� ���!�#"���+� ��. " �2�,��� Pij,kl = Pkl,ij
����� � �#" �2�  #") �. �#6��+�O���  ��") �2�#"�� ������ ��!��� �(./�����+�>4������������! #"�$ "'&)(+*�)6�6�$0���  �+- � ") #6 4)&

(1± ni)(1± nj)nknl = (1± nk)(1± nl)ninj

Y (r}p;eE`Z
� ����� �  �.�� ��+� ��./� ���!���$ � �(�/���,� ��� �!�#"�- �� #"#")��� ��� � ��.<� , $ &��/���>� � 6�.������+�>4

n̄m =
1

e
εm
Θ

−α ∓ 1

Y (r}p;!8+Z
���3�)"'&:� (�"a�)6 Y (r}p;eE`Z ��+� ��./� ���!��� 6�$0���  �+- � $ 6�.G*>���,� �#6+����.

Θ, α
- 4 , 4+*> ��!� , �#6+$ � &	 #"�$ � � '6�$ � ��� �'&� #")�#6> !- -/��. 4������!������ #"�$ "'&)(+*�)6���+� ��. " �E�,��$ "��04+� $ "'&:� $ 6 	 "�� &:$ 6+4+$ (+� � 4�� 4+$ . � 44

Θ
- 4 , 4+*> ��!� , � kBT

� � ��� 4)&���.`�)"�- �>� 	 6  #" α �!�94 ∑i n̄i = N
� �����! ������ � 4+� ( , �:&#&)4*>���$
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* �XtD@r[beA_ 3 W�tbhsegt7iIZ\[ ~ k�esUXi ~ [besYEhgU0=EZmt7W p�iY.EZ2,bejcMUra ~ UXegegn0@ei cMUe@XprZmW�p�p _ 3 W�tbhgestbi+Zm[ ~ k`�hg[7[bab-gc 5 @e@r�rtba!B } * _ 3 W�t7hgestbi+Zm[ ~ kT` hs[b[7ab-dc 5 @0@r�Xt7aYB i+k ~/5 a ~ [ ~ [ ~s~ egf7[bhs[bY t ~ prada1pri
ihsXegfCsXa[_E[ ~ k Z0_EUe@hB eg[D@0m ~ estD@Xt^�X[7Z�W�kmaEc [C@0BX[7aEe/iEZ)BIkgZrW�kmadc Y [bcdk>@�cEkma1p W�k\i p krW�[baEa!BIk)-
estD@X[7ir[ ~ i+k ~ .Ec[.daEi cM[ os[bf7aEk } N fb[ba�cM[ os[bf7[ ~ egUXhgnra ,be p i [C@0BX[7aEe/idZ2BIk5W�[badaYBIk\egtD@r[bir[ ~
�Ik\fbe/@XnrZ>.Eadi } t [7b1aEk n Z oj.Ei`p�` hs[b[ba#-dc 5 @e@ �Xtba!B ~ t7e�W�[C@XW . ~ p ~ oj.diwZV_EU0@0B [baEaE[7i cM[7Z)-_Epregf7a1nrZ n e n � prZ _EUe@0BXpra ~ .dcCoj.Ei W�[C@)prcEadk p hg[7aEcEegf7[bh ~ os[bZ\Zm[bW�f 3�~ [bhgW�UIcEkma1p W�k\i p k
W�[badaYBIk\egtD@r[bir[ ~ }A* cM[ os[bf7[ ~ os[7Zm[7a ~/3 e hstbegf7t ~ p `�hg[7[bab-gc 5 @e@r�rtba!B�W�[C@e_1p ~ nrhgUXfbnre n a1pri
Y [bh ~ .Ehj=1n0,7k>1Xesf nrW}m ~ nregUXa`p Z prY[.dZ>1qW}1�cdegfb[7hg[ ~ srZ ~ k i+k }

	C8:798 ��X���� AWX9L�=KL�R�A>QON NP=9AWX9N������ R�� X��9RUL � H R:QONJR�� �
* �Ikmf7e/@)n ZmaEk'iYm �rn a ~ hs[baEcdegfb[7hgh 3 ZOcM[bZ ~ Zmt ~ [bZ\[bf7f 5 iVZ�_EUe@hB�[D@0BIW�nregegprZ Y1nrhsY U ~ [ba{,bk n ZmZ p Z
ihsXZ>,7e/sXa{_1p ~ 1{Z�W�[C@Xi 5 Z>sra#=wsXf ~ [ ~ _E[ ~ [ ~ Zm[ba hstbegf7[D,7egirt7iY= 3 ZqnrZmZ }�* f kmZ)BX[7a�hs[baEcdegfb[7h< prW�kmZ ~ UXab-/UXY [7h n ~ prf (X} cM[ os[7fb[ ~ x�} Y t7Zmc1nKognh=1praDW�[D@0_1p ~ n hgUXf ~ .Ei }�*k< p W�k\Z ~ Urab-
UrY [7h n ~ UXhGirt7fb[babcM[bi)� 3 W}1IcEUXa`irt ~ hstbesfbhg[ = UXa ~ _1p ~ 1 ]

Ĥ = Ĥ0 + Ĥ1,
Y x�})( p Z

ph_EUXZ

Ĥ0 =
∑

s

∫
d3rΨ̂†(r, s)

[
− }

2

2M
∆ + U(r)

]
Ψ̂(r, s),

Y x�}2( = Z

Ĥ1 =
1

2

∑

s1,s2

∫
d3r1 d3r2 Ψ̂†(r1, s1)Ψ̂

†(r2, s2)V (1, 2)Ψ̂(r2, s2)Ψ̂(r1, s1).

Y x�})( , Z
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*
Ĥ0

~ p0@ prf
U(r)

i 5 Zme 3 Y U ~ [ba[,7k nrZ2=1pra"Z\t7� 3 Zqi0sXZ2,bejsXa[_1p ~ nregW�[ba ~ [be hg[7aEcEegf7[bh< prW�kmZ ~ UXab-/UXY [bh n ~ UXhgp{ZdW}m>@
Ĥ1

os[bZ2sXZmk p ~ [bZ os[be < prW�kmZ ~ UXab-/UXY [bh n ~ UXh ihsXi0,7e/sXa{_1p ~ n egk
hgtbesfbt ~ }

* �XtC@X[ben_ 3 W�tbhsegtbi+Z\[ ~ �9i)�rp a ~ .EW�W�[C,L_1praEk\i p kGhg[badcEegf7[bh ~ Zm[D@rirtbf7[ba{cM[7i)� 3 =[= [ba
a1p0@0BIiCpraEUXadkmiY.EeGegUri p e n0@e@XprZ m\h/_1p ~ oj.Ei�Zm[0Z�W�[7Z2B#_E[7f��X[bf7[bese 5 i�= [ pqi0s<�X[ ~ ir[7f 3 UrY [ -
h n ~ UXh ~ ]

K̂ := Ĥ − µN̂, Y x�} x p Z
p0_EUXZ

N̂ =
∑

s

∫
d3rΨ̂†(r, s)Ψ̂(r, s)

p ~ [bZ os[be�hstbesfb[D,7egi [begfbnrW UXY [bh n ~ UXhgp{Z
µ
Y [7cEk>@

p i tbW�k prk1Y U ~ [ba[,7k nrZ } q k �X[7Z
Ĥ
t7e
N̂
sXaEprcCoj.Ea[@XnrZ ~ t7e	p Z>.EZ\h/1XZ�irUXhsZ n ~ UXe UXY [bh n ~ UXhsUXiVZ

[bfbt7h ~
K̂
kme sXa1prcCoj.da[@)nrZ ~ tbe

µ
W�[D@hcM[bZm[7Z 3 tbh ~ tbi [bkmhs[ prZ>.EZ\h/1XZLi UXhgZmn ~ UXe	kme } NPf . ~ 1e=[=dkcM[bZ ~ t ~ [bZ�p fbtbh ~ cMUXa ~ UXeCZVW�[bh ~ p a1p0@0BIiCpraEUXadkmiY.Ee`egUXiCpregn0@ e �Eh �EegtC@XW�n ~ hsk ]dn ~ YMe ~ py-

~ kmesf ~ kmiY.EeGe/idZ2B)n ~ Z tbh ~ [bZ\W�[7fbf 5 i �X[7Zm[ } < pregUXadZ>1 ~ .dZ pKoscEUraEe n0@Xprk'tbe�iY.EZ>,7ejcMUXa ~ UXegegn0@ei
egfb[7hg[7Y [�W�k p ~s~

K̂
- ~ @hB)pri+h p a _[m\� ognri`a1p0@hB�iCpradUXaEkmiY.Ee < prW�kmZ ~ UXab-/UXY [bh n ~ hgUra1pri } *

K̂
UXY [bhgn ~ Urh ~ kmeGt7hgcE[7W�[7eVi t ~ hgt7egf7hg[ = UXa ~ praEk prf prZmn0=[=Ekmpri�egfb[7hgk\a ~ ]

K̂0 = Ĥ0 − µN̂,
Y x�} x = Z

K̂1 = Ĥ1,
Y x�} x , Z

_Ekmesfb[ba
K̂0

prf`kmcE[bnrZmk\e�hg[badcEegf7[bh
K̂

UXY [7h n ~ UXh pbZ	p i0s#,besZ>sXa[_Ep ~ nre ~ Y [bcdk>@
K̂1

~ prh -
~ prZ\W prf7f p } * hg[7aEcEegf7[bh a1p0@0BIiCpraEUraEkmiY.Ee nrZ\Z prY U ~ sregegf7[D@Xt ~ tbe e �Eh �EestD@XW�n ~ hgk ]dn ~ prf
prZ n0={=Ek@W}1�cdUXa cM[ os[bfC_E[ ~ o 5 i�i+k0]
ZG = e−βΩ(T,V,µ) = Sp e−βK̂ =

∑

{ni}
〈. . . ni . . . n1| e−βK̂ |n1 . . . ni . . .〉 ,

Y x�}p9`Z

ρ̂G =
e−βK̂

ZG

,
Y x�} z Z

p0_EUXZ
β = 1/(kBT )

prfqk\a)�X[bhsf _ 3 W�tbhsegt7iIZ\[ ~ t7e
Ω(T, V, µ)

pHa1ph@0BIi p aEUXaEk\i#.de ~ [7h^-
W�UIcEkmaEprW�k\iCprkXY U ~ [7a[,bkmnrZ }a* f

Sp
os[7Z1p ~ [7Z os[7e j1Ub, ie- ~ tbhshg[ �X[ ~g~ a!BXUrW�i tbYEf7tbe?W��d�X[ -

Zm[ ~ t ~ os[7Z>sXZ\kgZ ~ [C_1n ~ prf |n1 . . . ni . . .〉
nrZ\Z prY U ~ UXi p ~ [7Z os[be�j1U#, ie- ~ t7h Y3ad[bW ,7e pri prf

Nhgtbesfb[C,begi tbe egf7[bi ~ Urh Z =1n fbkmegn ~ p ZmirU ~ ognri � } * f
Ô
j1U#, i!- ~ t7hg[ba t7h ~ [bZmW�[bf7[ ~s~ UrY [7h n ~ UXh

a1p0@0BIiCpraEUXadkmiY.Ee esUXiCpre n0@Xn ~ Zmp0@)n ~ p!e �dh �EestD@XW�n ~ hsk ] eg[C@em ~ egtD@rt7�X[7Z prf�prZmn0=[=Ek W}1�cEUra
prc[_1p ~ oj.Ei W�[D@ ]

〈
Ô
〉

= Sp
{
ρ̂G Ô

}
.

Y x�} |+Z
��� ,�����*����3=	����� �.9�)��G)�!��&!*! )�� ��+��	�)&! )���)�, ,.)����� ��� ��	

|n1 . . . ni . . .〉 � �������;!���� �4��	�������,
�
)�<=)&!�)��
9���F�)�	�,.�;>	�5��<=�2����,���)��
*)���) ��� �����+��	�)
������)+��	+�� :�)�,.)�� F����2��� )�F ��� �A�79 ��,0!�6.H��	���*���0�����
*)�F��
�.��!�!1���G����3 ��! ���*!�)�� B )+��� )�, �.��	�)�����! <4����	�,=���G,.�;>



xI} x�}��% �2�#"7�� ��*> , ") #6�� ��� $�� , �#��.�� � ����� �  �.�� x08
* aEp0@0BIiCpraEUXaEk\iY.Ee < p W�k\Z ~ Urab- UXY [bhgn ~ UrhGeg[D@0m ~ estD@Xt^�X[7Z tbh ~ [bZ\W�[7fD_E[ ~ o 5 i [D@0B

ÔS� ,L_Eh/sXcdkma[@X[7h^-/irtbY{= [7Zmk UXY [bhgn ~ UXh�p Z n0=[=dk ~ hgpraEesfCcMUXhsW nrZ ~ ogn ~ ]
ÔK(τ) := e

K̂τ
} ÔS e

− K̂τ
} .

Y xI}pE Z
* Y x�}:E Z ~ hgpraEegfJcMUXhgW�n0,7k>1�[bW�Zmt7ir[7f ~ [ ~ prf

ÔS

UXY [bhgn ~ Urh
t = −iτ kmW�p0@Xk\a1nrhsk>.Ee

k\cE[ o � < [bkmes[baY= [bh/@S- irt7YEhg[ ~ sXh ~ tba 3�~ hgpraEesfCcMUXhsW nrZmnre n h p YM[bZ ~ [bi+kma ~ �X[ p
K̂
UrY [7h n ~ UXh^-=Epra W�[C@<os[7Zm[ba 3 irt7W�kmprkrY U ~ [7a[,bkmnrZ ~ 1XZCtbe hgt7egfb[C,besir[besf nrW ~ 1XZ Z � } q k\�X[7Z+prf

exp(K̂τ/})~ h pradegfCcMUrhgW�n0,bk21!aE[7Wk.Eadk ~ t7hDZ�[bfbt7h ~ _Ep
ÔS

sra1prcCoj.Ea{@)nrZ ~ UXY [bhgn ~ UXh kmeCZ
ÔK(τ)

aE[bW
p f
τ 6= 0

[7eg[ ~ tba } jLUra ~ UXegegn0@e.Ei!W�kmp ~g~ p ~ tbhgUrY [7h n ~ UXhgUXi
τ
c 5 @e@Xt7egt ~ i 5 Z2sXa iIk2_1pra[@S-

ejiEZ2BrUXfbfC.Ei ]
Ψ̂(x, τ) = e

K̂τ
} Ψ̂(x) e−

K̂τ
} ,

Y x�}p8 p Z
Ψ̂†(x, τ) = e

K̂τ
} Ψ̂†(x) e−

K̂τ
} .

Y x�}p8 = Z
j1UXa ~ UXe W�[C@<os[C@0BX[7fbaEk Zh_EU0@0B p�Sr- irt7Y!ihsK�r[ ~ ir[bf ~ tC= [7a

Ψ̂(x, τ)
t7e

Ψ̂†(x, τ)
aE[bW"[C@0B!-

W�nre5prcCoj.Ea{@)nrZ ~ ogprk } NA@0BIesfb[bh � cE[bhsk\� nrZ n ege p ZIesf nrhsW p f ~ p ~ _1p ~ 1 p S -/irt7Y[= [7ZmkIUXY [bh n ~ UXh
W�UXfC@)nreg[C@0BX[7aEZm[ ~ [hZ'W�[7Z2BIhg[qp < [7kmeg[7aY= [7h/@h-/irtbY{= [7Zmk UXY [bhgn ~ Urh�W�UrfD@)nres[D@0Br[baEZ\[ ~ tD_E[7f_EpregUXadZ>1 Wn1IcEUXa

dÔK(τ)

dτ
=

1

}
[K̂, ÔK(τ)]

Y x�}pF`Z
p c[1�cdkmi }* Sr- i tbY[= [bZ\k ~ tbhsUXY [bh n ~ UXhsUXiHprf p Z n0=[=dk	,bes[bhg[7hg[7Z n0,7k>1Xi+a1pri ~ [besfbaE[7i`[bZm[C@X[ ~ ]

[
Ψ̂(r, s, τ), Ψ̂†(r′, s′, τ)

]
∓

= δs,s′δ
(3)(r − r′), Y xI}p; Z

[
Ψ̂(r, s, τ), Ψ̂(r′, s′, τ)

]
∓

=
[
Ψ̂†(r, s, τ), Ψ̂†(r′, s′, τ)

]
∓

= 0,
Y x�})(<y Z

ph_EUXZ [
Â, B̂

]
∓
p f
Â
tbe
B̂
UXY [bh n ~ UXhsUXi�i UXW�W . ~ n ~ UXhgp = UXf7UXaEUXiVZEW}m>@qpra ~ kmi UXW�W .b-

~ n ~ Urh p cM[7hgW�kmUXadUXi�[bes[ ~ t7a } j1UXa ~ UXe _1pra[@XejiEZ2BrUXfbadkgZ{_dUe@0B�[bf7[ba�cM[bZ2,bes[bhgt7Zmt7egk@hs[bZmn0,bk21Xi
[C@0BIkmcE[ o �E[bi } < p kmesW�[7hgaEt7aEi�irt ~ ~ [ ~ esf 3 Z\[D@X[7eDZGi 5 Z2sXaY= sXf 3 k\c 3 Y UXa ~ =1p a9t7h ~ [7ZmW�[J-
f7[ ~s~ ~ tbhsUXY [7h n ~ UXhrcM[7Z>,bes[bhstbZmt7egk hs[bZ nh,bk>1Kogn ~ Z@pri+irUXh pHYEhsUe=EZmt7W pH[C@Xf p i ~ W�[D@XUrZmc1nregn ~
k\eGkmesW�[7hgaEt7aEi }

	C8
	C8 � F � � N B�� �	� FIH NPF A � �IDGR�� H ��� L>B�	 ��� ��
�F L��
* hs[baEcEesfb[7h-�rtD@X[7e^-Q_ 3 W�t7hgestbi+Zm[ ~ kgZC[D@hB�hstbesfb[D,7egi [ ` hs[b[ba#-dc 5 @r�rtba!BXt ~ YMh/s<�IkmcE[7a `�hg[7[bab-c 5 @e@r�Xt7a!BXt ~ Z � p0@hBHYEhsUXY1p0@)n ~ UXhgn ~ Z p f�p Z n0=[=dk'[D@0Br[baEZ\[ ~ cE[7b1aEk n Z ogp ]

G (r, s, τ ; r′, s′, τ ′) = −
〈
Tτ [Ψ̂(r, s, τ)Ψ̂†(r′, s′, τ ′)]

〉
,

Y x�})(e(^Z
$ � !���9�� � �.�
�����=��,-�

τ
��=F�F��+� !@�GH��F��G,4��� �G6=� � �� ��.F�F�����,.)�� :=9���F��A��<.��� )�	 ,=)� 9�)�	�)&!5� ���
��)�:

��
�97� �D)�, ��� ��� � �����.F�F�����,.)�� ,.)�9�)�	�	 �.��� � ���.��
�,�� 
�	��-*)�,.,��7������F�)��
τ
�D)�� �G9���� !?B����G! ! ����!����
*��	�#

�D��� )�� )�, �&�����
)�F���)�,.�
)&! )��G! 3 )��D�
F(*��	�F�����)�F���)�,.�
)&!�)��7,.)�� > � �4)�9�)�	�)&! )&!�! �
H��F��
,=�����
6=� � �D) B � :D�# �D� �
��EG!���!�! � )��
��)�,�� )�� F � ����34)�! 3 )��D�
FH� 
�90� �D)�, ��� ����� �;����3.,.)��H,.)�9�)�	�	 �.� >
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p0_EUXZ

Tτ [Ψ̂(r, s, τ)Ψ̂†(r′, s′, τ ′)] =

{
Ψ̂(r, s, τ)Ψ̂†(r′, s′, τ ′)

_1p
τ > τ ′

±Ψ̂†(r′, s′, τ ′)Ψ̂(r, s, τ)
_1p

τ ′ ≥ τ

Y xI}2(Kx+Z
p
τ
hg[7aEcE[7f 3 UXY [bhgn ~ UrhDZKW�[7Z2B p�W}se@XtAmmh ~ UXY [bh n ~ UXhsUXiCp ~ p

τ
prhj@e.EW�[ba ~ .dW .Ei�esfb[bhskma ~,be/sriIi [ba 3 esUXh/=1pqhs[baEcd[bfbk@tbe cM[7hgW�kmUXa�UXY [7h n ~ UXhgUri�[7eg[ ~ tba`W�kmaEcd[baHY1n h/,bes[bhstbaEt7Z'[D@0B

−1
esfbUXhsfD1 ~ prc }
* �XtC@X[be -Q_ 3 W�tbhsegt7iIZ\[ ~ kN` hs[b[7ab-dc 5 @0@r�Xt7aYB Y3k\W p0@rkma1nrhsk>.Ee - Z k\c 3 [bZ ~ UXZ n e?k\a)�rp hgk n aEeDZ

prf prf
G (x, τ ; x′, τ ′) = G (x, τ − τ0; x′, τ ′ − τ0) = G (x, τ − τ ′; x′, 0)

} * f�n ZmZ>m ~ nre= [7Z n ~ nre n0_dUXf�adtbfbf 5 i p
τ > τ ′

[7eg[ ~ [ ~b} 	 Z2Br[baEi UXh�p�hg[badcE[bf 3 UXY [bh n ~ UXh�[D@0BIesfb[bh �E[ba
[bZ>_Ep0@0B#_1p ~ 1[ZEtbe

G (x, τ ; x′, τ ′) = Sp {ρ̂GΨ̂(x, τ)Ψ̂†(x′, τ ′)} =

= − Sp {ρ̂G e
K̂τ
} Ψ̂(x)e−

K̂(τ−τ ′)
} Ψ̂†(x′)e

−K̂τ
} } =

= − Sp {ρ̂G e
K̂(τ−τ ′)

} Ψ̂†(x)e−
K̂(τ−τ ′)

} Ψ̂(x′)} = G (x, τ − τ ′; x′, 0).
Y x�}2($9 Z

* egf n W�UXZmnre�egUrh nra i+k>_1p egfbaEnrZ ~ .Ei p a!BXUXW�irt7YEfbt7e kma)� prhsk pra[,7k nKogn ~ prf�UXY [bhgn ~ UrhgUXi,bkmi+Z\kmiY.Ee Y [7hgW . ~ n0,bk21Cognrhgp
Sp {ABC} = Sp {BCA} = Sp {CAB} Zltbe _dUe@0B

eβK̂ t7e
e

K̂τ
}

cM[bZ>,7eg[7hgtbZ2_E[ ~/3 i } *
τ ≤ τ ′

[bes[ ~ = [bZmn ~ nregp ~ [7Z os[7eg[baX_1p egUXaEZ21[Z m2@0B prf
UXZ\� prej1Xh p =[mmf7fD.Ei } * f k\c 3 [bZ ~ UXZ n egkGkma)� prhsk pra[,7k p i0s<�X[ ~ i [bf ~ tD= [ba p Y x�})(e(^Z ` hs[b[ba#-c 5 @e@r�rtba!BX[7ir[ ~ p ~ U<�rnh=[=Ek p i#=Epra nrZ ~ prZ n0=Epra

G (x, x′; τ − τ ′) -/�X[7Zdos[bZ>srZ o 5 i }O n ~ aEk cMUe@ oj.EiVZ _EUe@0B prf`prZ\i p ZmW�prf nresUXi egf7[bW�Y Ura ~ ogn0=w1XZGp
G (x, x′; τ)

` hs[b[7ab-c 5 @e@r�rtba!B −β} < τ ≤ β}
_E[bZ)BX[7a cM[bZ �X[ ~s~ t7h ~ tbir[7kmhs[�� pra ,be p i esf 5 i+estD@ 5 adi } N fb[7a

p�Z\[begf �EiYm ~ [ ~g~ tbh ~ [7ZmW�[bfbt7egk ~ p h ~ UrW nra!BrUXa p�` hs[b[7ab-dc 5 @0@r�Xt7aYB prf�prZmn0=[=Ek Y [bhskmUIcEk>,7k)-
~ nresk { pra ~ kmY [bhgk\U�cdk>,bk ~ nresk ~ .EZmpKoscEUXade n0@e@XprZ'hg[7aEcE[7Zmir[7fbk\i }
B 0 0�CM:$ 14ED

G (x, x′; τ)
p −β} < τ ≤ β}

kma ~ [7hs� prZmZ2.EW�UXa = UrfbUXaEUri�[beg[ ~ t7a Y [7hgk\U�cEk -
i#.deDZ[cM[bhsW�k\UXaEUXi�[bes[ ~ t7a pra ~ kmY [bhgk\U�cdkmiY.Ee

τ
-Q=1pra

β}
egf7[bhgk\a ~ }

� A3&!xw" 6�C :� 14 D O [D@hBX[ba −β} < τ ≤ 0
]PN i+irUrh

G (x, x′; τ) = − Sp {ρ̂G Tτ [Ψ̂(x, τ)Ψ̂†(x′, 0)]} = ∓eβΩ Sp {e−βK̂Ψ̂†(x′, 0)×
× Ψ̂(x, τ)} = ∓eβΩ Sp {e−βK̂eβK̂Ψ̂(x, τ)e−βK̂Ψ̂†(x′, 0)} =

= ∓eβΩ Sp {e−βK̂Ψ̂(x, τ + β})Ψ̂†(x′, 0)} = ±G (x, x′; τ + β}).
Y x�}2(bz Z

� q k\�X[7Z?p `�hg[7[bab-gc 5 @e@r�rtba!B
2β}

esfb[7hgkma ~ cM[bhsW�k\UXaEUXi tbe = UXf7UXaEUXi [7eg[ ~ tbaDkme Y [ -
hgkmUIcEk\i#.deDZ�[7fbtbh ~ p�i0s<�X[ ~ ir[7f 3 W}1�cEUra W�kmaEcdirt ~ [bes[ ~ hg[Dt7h ~ [bZmW�[bfC_E[ ~/3 p�` hs[b[ba#-



xI}p9d}�� "'&)4 �#4�� � , �#��.�� � �+��� �  �.��C*>��*� 4+� ( , �:&)(�":4 xh;
c 5 @e@r�Xt7a!B jLU0.Ehgk\[bh^-/egUXhgp ]

G (x, x′; τ) =
1

β}

∞∑

n=−∞
G (x, x′; iωn)e−iωnτ ,

Y x�})(K| p Z

G (x, x′; iωn) =
1

2

∫ β}

−β}

G (x, x′; τ)eiωnτdτ,
Y x�})(K| = Z

ph_EUXZ
ωn = nπ

β}

} � hgcE[7W�[7e�prf7UXaY=1pra p Y x�})(K| = Z i+k2cM[ os[bfbt7egt ~�~ U<� n0=[= prZ priYm ~ praEk p
β}esfb[7hgkma ~ k Y [7hgkmUIcEk\i#.dege nh@ Y3pra ~ k\Y [7hgkmUIcEk\i#.dege nh@ Z cM[bZ2_1presfba1nrZmnre n � prZ }

G (x, x′; iωn) =
1

2

∫ β}

−β}

G (x, x′; τ)eiωnτdτ =
1

2

[∫ 0

−β}

G (x, x′; τ)eiωnτdτ+

+

∫ β}

0

G (x, x′; τ)eiωnτdτ

]
=

1

2

[
±
∫ β}

0

G (x, x′; τ ′)e−iωnβ}eiωnτ ′

dτ ′+

+

∫ β}

0

G (x, x′; τ)eiωnτdτ

]
=

1

2

[
1± (−1)n

] ∫ β}

0

G (x, x′; τ)eiωnτdτ,
Y x�})(�E Z

p f prf�= UXf7UXaEUXi [bes[ ~ tba�p j1Ue.Ehskm[bh - esUXh�YEnrhgUXe![D@0B 5d~s~ _1p ~ 1XkgZacM[bhsW�k\UXaEUXi [7eg[ ~ tba Y1nS-
hgp ~ Zmpra [C@0B 5d~g~ _1p ~ 1Xkli 5 Z2sXaY= sXf7aE[bi fbt7h/.Ee ~ 1XZ } * Y x�})(K| = Z sXegesfb[Cc 5 @e@Xtbe ~ �XtC@ 5 Zlk\e�prf
p Z n0=[=dk prZ p i#=Ep mmh/_Ep ~ oj.Ei ]

G (x, x′; iωn) =

∫ β}

0

G (x, x′; τ)eiωnτdτ,
Y x�})(y8 p Z

ωn =

{
2nπ
β}

= UXf7UXaEUXi+hgp{Z
(2n+1)π

β}

cM[bhgW�kmUraEUXi+h p } Y x�})(y8 = Z
* Y x�})(y8 = Z i+k2cM[ os[bf7tbeg[7iY= [7a�W�[D@ os[bZ\[ba 3 W�[baEa!BIkmestD@X[7ir[ ~ q p ~ ej.[=1prhgpS-dcMhs[bi)�X[7a[,bkmnrie-
aEpri aE[7�r[bfbf 5 i � p `�hg[7[bab-gc 5 @e@r�rtba!B Y x�}2(�8 p Z j1Ue.Ehgk\[bh - ~ hgpraEesfCcMUXhsW nrZ ~ ogn ~ Y [7cEk>@ p`�hg[7[bab-gc 5 @e@r�rtba!B�q p ~ e/.[=Eprh pS-/hg[7YEhg[7fb[ba ~ n0,bk21Cognra1pri }
	C8�� 8 ; N �IX 	�X � � H ��� L>B 	E����� 
KF L � � � � �OX D�� H = ���9NGX
* ZmiCprZ\W prfbnregi tba ~ aEt7fbf 5 i W�[D@�p�i0srZ>,bejsXa[_1p ~ nresW�[7a ~ [be�hg[7aEcEegf7[bh�Y3W�nreGaEt7�r[ba esf pS-=EprcHhg[7aEcEesfb[bh Z ` hs[b[7ab-dc 5 @0@r�Xt7aYBrt ~ Z1W�[7Z2BX[ ~ p!i tbe 3 =[=Ek\[biY= [7a�@0B)pri+hgpra _1presfba1nrZ2.EaEi
W�pKosc } < p egfbaEnrZ oj.Ei�prf7UXiCp ~ p f [C@0BIhgtbesfb[C,begi [ _Y.EZ\Z nrW c 5 @e@ �Xtba!Br[bir[ ~ Z�W�[bZ2Br[bi

Ĥ0egpKogn ~ c 5 @e@r�rtba!BX[7kgZ1� p0@0BIkmeU]
[
− }

2

2M
∆ + U(r)

]
ϕk(r, s) = ekϕk(r, s).

Y x�})(�F Z



9Xy H (+JL;I4JILKNM BD(+=C4b( v 03;):KAGF�=K;+;#"OIg,QP J J�R (#" 6 ;I4�:<;#%SKT"-A v .
*~ tbhsUXY [bh n ~ UXh

Ψ̂(x) =
∑

k

ϕk(x)âk,

tbe m>@0B
K̂0

prZ p i ogp = [ ~ sXZ ~ tbesk'egfbnrW hg[7YEhg[7fb[ba ~ n0,bk21e=1pra�]

K̂0 =

∫
dxΨ̂†(x)

[
− }

2

2M
∆ + U(r)− µ

]
Ψ̂(x) =

∑

k,l

â†kâl

∫
dxϕ∗

k(x)×

×
[
− }

2

2M
∆ + U(r)− µ

]
ϕl(x) =

∑

k

(ek − µ)â†kâk.
Y xI}2(�;`Z

NA=[= [ba prf�[C@0BIegf7[bh ��[7eg[ ~ = [ba�[^]�YEZ\k>,7k ~ [7a W�[D@rirUXaEe ~ hj.1nrZ>_Ep ~ oj.Ei p ir[7Z ~43 tbe�[bZ)-
~45 a ~ [ ~43 UXY [bh n ~ UXhsUXi

τ
c 5 @e@rtbegt ~ } * f [7Z ~45 a ~ [ ~/3 UrY [7h n ~ UXhGW�UrfD@)nres[D@0Br[baEZ\[ ~ [

d

dτ
âk(τ) =

1

}

[
K̂0, âk(τ)

]
=

1

}

∑

l

(el − µ)
[
â†l (τ)âl(τ), âk(τ)

]
=

= −1

}
(ek − µ)âk(τ),

Y x�} x y Z
p0_EUXZ�c sXZ2_1pregf7a1nrZ ~ .EiVZ#_EUe@0B

K̂ ≡ K̂(τ)
Z{_Ek\egf7[ba

K̂
c sXZ2,beg[7hgt7Z>_E[ ~43 p e �Eh �EegtC@XW n ~ hgk ]Y-

egf p Z }A* W�UXfD@)n eg[D@hBX[badZm[ ~ [ ~ i0srf7�X[ ~ Z\[ba 5 Z-kma ~ [C@Xh nrZ � p
âk(τ) = âk e

− ek−µ

}
τ .

Y x�} xb( p Z
Q5[7Z os[bes[ba _1presaEUXaEZ21�esf nrW�UXZmnre [bhs[bcEW�tba!Br[birt7a ~

â†k(τ) = â†k e
ek−µ

}
τ .

Y x�} xb( = Z
* Y x�} xb( p Z t7eMY x�} xb( = Z sregegf7[Cc 5 @0@Xtbes[bi`eg[C@em ~ egtD@rt7�X[7Z-p ~ tbhgUrY [7h n ~ UXhgUXi

τ
c 5 @e@Xt7egtbhs[

Ψ̂(x, τ) =
∑

k

ϕk(x) âk e
− ek−µ

}
τ Y x�} xXx p Z

Ψ̂†(x, τ) =
∑

k

ϕ∗
k(x) â

†
k e

ek−µ

}
τ Y x�} xXx = Z

prc[1IcEkmi } * Y xI}2(e()Z cE[%b1a{m>,bk21�i0sXf^�X[ ~ Zm[7a prZ\iCprZmW�prf n e n � prZ
τ > τ ′

[beg[ ~ t7a

G(0)(x, τ ; x
′, τ ′) = − Sp

{
ρ̂G

∑

k,l

ϕk(x)ϕ
∗
l (x

′)âkâ
†
l e

− ek−µ

}
τe

ek−µ

}
τ ′

}
=

= −
∑

k

ϕk(x)ϕ
∗
k(x

′)e−
ek−µ

}
(τ−τ ′) 〈1± n̂k〉0 ,
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W}m>@

τ ≤ τ ′
- hs[

G(0)(x, τ ; x
′, τ ′) = ∓ Sp

{
ρ̂G

∑

k,l

ϕk(x)ϕ
∗
l (x

′)â†l âke
− ek−µ

}
τe

ek−µ

}
τ ′

}
=

= ∓
∑

k

ϕk(x)ϕ
∗
k(x

′)e−
ek−µ

}
(τ−τ ′) 〈n̂k〉0

p c[1�cdkmi }A* irt ~ [7hg[bcdW�t7aYB�sregegf7[7�r[ ~ t7egtC= 3 Z

G(0)(x, τ ; x
′, τ ′) = −

∑

k

ϕk(x)ϕ
∗
k(x

′)e−
ek−µ

}
(τ−τ ′) ·

{
1± n(0)

k ,
_1p

τ > τ ′

±n(0)
k ,

_1p
τ ≤ τ ′

Z
Y x�} x09 Z

ph_EUXZ
n

(0)
k

pqesf p0=Eprc�@Xnrf�n ~ Z p0@XUre = [ ~ sXZ ~ t7egk@esf nrW�p{ZEW�[bZ)BX[ ~ egf7kma ~ t7a ihsXaEa!BX[7a W�[D@h-_Ep ~ nrhsUXfD_Ep ~ .Eadi�prf prZ nh=[=Ek@W}1IcEUXa�]
n

(0)
k

]
=

1

ZG
Sp
{
e−βK̂0 â†kâk

}
=

1

ZG
Sp
{
e−βK̂0 âk(β})â†k

}
=

=
1

ZG
Sp
{
e−βK̂0 âkâ

†
k

}
e−β(ek−µ) = e−β(ek−µ)(1± n(0)

k ).
Y x�} x z Z

* f [bZme 3 [D@0Br[baEZ 3 egtC@XaEtbZAcM[7Z>_1presfba1n Z ~ .di p`aYBrUXW�irtbYdfbtbe ,bk\iIZ\kmiY.Ee ~ .EZ pKoscdUXaEe nh@)n ~ t7e= [bk\ZmZ\[begf ~ [ ~g~45 i]=1prZ�UXZ\c1prZmhgp prf
1̂ = e−βK̂0eβK̂0

UXY [7h n ~ UXh ~ Z prf�. ~ UXZmej1 i+k)cM[ os[bf7tbe -_d[bf�Y [bcEk2@�prf�UXY [bhgn ~ UXhsUXi cM[bZ2,beg[7hgt7Zmtbesk hg[7Z n0,7k>1Cogn a1pri cM[bZ2_1pregf7a1nrZmnre n � prZEoj. ~ U ~s~ .Eadi }* Y x�} xCz Z [D@hBX[badZm[ ~ = 3 Z p}= [ ~ sXZ ~ tbegk@egf n W�UXi+hgp�p oj1XZ'k\egW�[bh ~
n

(0)
k =

1

e−β(ek−µ) ∓ 1

Y x�} xX|`Z
sregegf7[Cc 5 @0@XtbeVprc[1IcEkmi }* Y x�} x09 Z ` hs[b[7ab-dc 5 @0@r�Xt7aYB#= [ba�aE[C_Etbf7egtC@X[ ~ UXi UXf0Z _dUe@0B9prf kmc 3 hs[baEcd[bfbt7eHW�k)-
p ~g~ irt ~�~ p0@rU ~�~ prh ~ prZmW�prf }�* Y [bhskmUIcEkmiY.Eese n0@ cM[bZ2_1presfba1nrZmnre n � prZ�egfbnrhgW�prf ~ p ~ _1p ~ 1
j1Ue.dhgkm[7h^-/egUXhPprf7UXaY=1pra cM[bhsW�k\UXaEUXi�tbe = UXf7UXaEUXi�[7eg[ ~ tba�kmeP[D@hB�esfb[7h ��prZmpriYi } � �:&���.`�)6
[7eg[ ~ tba

G(0)(x, x
′; iωn) = −

∑

k

ϕk(x)ϕ
∗
k(x

′)
(
1 + n

(0)
k

)∫ β}

0

eiωnτe−
ek−µ

}
τdτ =

=
∑

k

ϕk(x)ϕ
∗
k(x

′)

iωn − }−1(ek − µ)
,
Y x�} x0E Z

ph_EUXZ cM[7Z>_1presfba1n Z ~ .dip q p ~ ej.[=1prhgpS- hs[bYEhs[bf7[ba ~ n0,7k>1�Y x�})(y8`Z iIk)cM[ os[7fbtbesk ~ Z p `�hg[7[bab-c 5 @e@r�Xt7a!B Y x�} x09 Z tbe p�= [ ~ sXZ ~ tbesk!egfbnrW Y x�} xX|`Z prZ pribogprk ~ Z ~ UK� n0={=1n{Z _EUe@0B = UrfbUh-
adUXi [beg[ ~ t7a

eiωnβ} = 1
} � � , * $T��.`�)6 [7eg[ ~ tba p egfbnrW�UrZ nre W�[baE[ ~ [ t7eqp �rtD@X[7hg[7cb-W�tba!B Y x�} xhE Z prZmpribogp .[@0B)p aE[bfhZ1cE[ U ~g~ p = [ ~ sXZ ~ tbegk@egf n W�UXi n ~ Zmp0@)p!t7e�p Z\[D_E[ ~ estD@X[7eq p ~ ej.[=1prhgpS-dcMhs[ba[,7k nri�[bZ ~ tbhsaE[bi }
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	@8 �O8 � ��� � LON�� � � R�� � LOL � R:NPF ��� A
* �XtD@r[be _ 3 W�tbhgestbi+Zm[ ~ k `�hg[7[bab-gc 5 @e@r�rtba!B kmesW�[7hg[ ~ tD= [ba [C@0BX[7aEe/iEZ)BIk ~ [bhsW�UIcEkmaEprW�k -
i p k W�[baEa!BIkmestD@X[7i n ~ Z p0@XprkPi0sXaEa!Br[ba i+k)cM[ os[bfC_E[ ~/3 i } * fH[C@0BIhgtbesfb[C,begi [ UXY [bhgn ~ UrhgUXi
n ~ Zmp0@e_1prk ~ prf�[D@hB�k\c 3 eP[D@hB�hstbesfb[D,7egi [ ` hs[b[ba#-dc 5 @e@ �Xtba!B�eg[C@em ~ egtC@Xt7�r[bZ prc[_1p ~ oj.EiqW�[D@[Z_Ekmesfb[ba ]

G (r, s, τ ; r′, s′, τ) = ∓ Sp
{
ρ̂GΨ̂†(r′, s′, τ)Ψ̂(r, s, τ)

}
=

= ∓
〈
Ψ̂†(r′, s′)Ψ̂(r, s)

〉
,

m>@0BHprf
Ô(1)(ra, sa)

[D@0BIhstbegf7[D,7egir[!UXY [7h n ~ UXhGa1p0@hB�iCpradUXaEkmiY.Ee�n ~ Z p0@Xp ]
〈
Ô(1)

〉
= ∓

∑

sa,sb

δsa,sb

∫
d3ra lim

rb→ra

[
Ô(1)(ra, sa)G (ra, sa, τ ; rb, sb, τ)

]
.
Y xI} xe8+Z

* Y x�} xe8`Z sXesegf7[Cc 5 @e@rtbe ~ prZ\i p ZmW�prf7� pqp�hgt7egf7[D,besir[7egf n W n ~ Z p0@)n h p
N(T, V, µ) = ∓

∑

s

∫
d3r G (r, s, τ ; r, s, τ),

Y x�} x0F Z
Wnm2@�p�i+k\aE[ ~ kmiY.EeG[bad[bh/@rk p n ~ Zmp0@)nrhgp

E *<!2 (T, V, µ) = ∓
∑

s

∫
d3r lim

r′→r

[
− }

2

2M
∆G (r, s, τ ; r′, s, τ)

] Y xI} x0;`Z
prc[1IcEkmi }

S�t ~ hgt7egf7[D,besir[ UXY [7h n ~ UXhgUri9n ~ Z ph@)n ~ n Z ~ p Z n0=1p a9aE[7W ~ .EcCoj.Ei prf [D@0BIhstbegf7[D,7egir[` hs[b[ba#-dc 5 @e@ �Xtba!B eg[C@em ~ egtC@Xt7�r[bZIiIk)cM[ os[7fbaEk Z W�[D@e_Ep ~ nrhsUXf n e/.EiY_EUXf p�irt ~ hgt7egfb[C,besir[�YEhgUS-
Y1p0@)n ~ UXh kmesW�[7hg[ ~ [�esf 5 i+estD@X[7e }f* i0sXZ2,bejsXa[_1p ~ nregk?[bad[bh/@rk p n ~ Z ph@)n ~ prf7UXaY=1pra W�[D@h-_1p ~ n hgUXfC_1p ~ oj.diHp}` hs[b[7ab-dc 5 @0@r�Xt7aYB`W�UXfC@)nreg[C@0BX[7aEZm[ ~ [ eg[C@em ~ egtC@Xt7�r[bZ0]

}
∂

∂τ
G (r, s, τ ; r′, s′, τ ′)

∣∣∣∣
τ<τ ′

= ∓ Sp

[
ρ̂GΨ̂†(r′, s′, τ ′)}

∂

∂τ
Ψ̂(r, s, τ)

]
=

= ∓ Sp

{
ρ̂GΨ̂†(r′, s′, τ ′)

[
}

2

2M
∆− U(r) + µ−

∑

s′′

∫
d3r′′ Ψ̂†(r′′, s′′, τ)×

× V (r − r′′)Ψ̂(r′′, s′′, τ)

]
Ψ̂(r, s, τ)

}
,
Y xI}p9Xy`Z

p0_EUXZGpY x�}pF`Z W�UXfC@)nres[D@0Br[baEZ\[ ~ [ ~ i0sXf^�X[ ~ Zm[7a 5 Z p ZmiCprZmW�prf ~ .Ei p ~ t7hgUXY [bhgn ~ UXhsh p } *
irUXW�W . ~ n ~ UXh�egfbnrW�UXZ nregn ~ prf!UrZ\� pre/1rh pn={mmfbfC.EiVZ@[7hg[bcdW�t7aYB 5 i�= UrfbUXaEi+hgp tbercM[7hgW�k)-
UXaEUXi+h p�k\e .[@0BIa1prfhZ-p Y x�}:9Xy Z [C@0BX[7aEZm[ ~ = [ba cM[7Z>_1p egfbaEnrZ ~ p Z pri } * Y x�}:9Xy Z W�UXfD@Xnreg[ -@0BX[7aEZm[ ~ . ~ UrZme/1 ~ p0@ ogn0=1p aHtbesfbhg[^�X[C_E[ ~ o 5 i`p�Y xI}2( , Z ihsXZ>,7e/sXa[_Ep ~ nresk'[bad[bh/@rk p!i [bhg[7eg[ ~g~



xI} zE} � �+� ��. " �2�,�_$ *>��./.���$ ") �2�#6 909
n ~ Z ph@)n ~ }T* f [D@hBX[badZm[ ~ n ~ prZ priYm ~ nregn<� prZ p�i0sXZ2,bejsXa[_1p ~ nregk [7aE[bhj@Xk nrhgp

E1(T, V, µ) =
〈
Ĥ1

〉
=

= ±1

2

∑

s

∫
d3r lim

τ ′→τ+0
lim
r′→r

[
}
∂

∂τ
− }

2

2M
∆ + U(r)− µ

]
G (r, s, τ ; r′, s′, τ ′)

Y x�}:9{(^Z
p c[1�cdkmi } * cM[7a ~ k@W�[badaYBIk\egtD@r[bi�kmegW�[bhs[ ~ tD= [ba`p!hs[baEcEesfb[7h < prW�kmZ ~ UXab-/UXY [bh n ~ UXhgnra1pri
aEp0@0BIiCpraEUXaEk\iY.Ee n ~ Zmp0@)n ~ kmercM[7Z>m\h/_1p ~ oj.EiVZ@W�[bZ)B pHhs[baEcEesfb[7h ~ [bhsW�UIcEkmaEprW�k\iCprkO= [7Zme 3
[7aE[bhj@Xk n<ogp

E(T, V, µ) = E *<!2 (T, V, µ) + 〈U(r)〉+ E1(T, V, µ) =

= ∓1

2

∑

s

∫
d3r lim

τ ′→τ+0
lim
r′→r

[
−}

∂

∂τ
− }

2

2M
∆+U(r)+µ

]
G (r, s, τ ; r′, s′, τ ′).

Y x�}:9)x`Z
��~ UXZ ognrh p�p�a1p0@hB�iCpradUXaEkmiY.Ee ~ [bhgW�UIcEkma1p W�k\i p k)Y U ~ [ba[,7k nrZ ~ cM[ os[7fbf 5 i�i+kLp `�hg[7[bab-c 5 @e@r�Xt7a!B`eg[D@0m ~ estD@Xt^�X[7Z } N aEaE[bi�t7hgcE[7irtC= [7a �X[7fb[bese 5 adi�= [ [D@0B

λ ∈ [0, 1]
YEprh prW�tJ-

~ [bh ~ t7e�p
K̂(λ)

]
= K̂0 + λK̂1

Y x�}:9e9 Z
aEp0@0BIiCpraEUXaEk\iY.Ee < prW�k\Z ~ UXab- UrY [7h n ~ UXh ~ Z ph_EUXZ

K̂0
t7e
K̂1

UXY [bh n ~ UXhsUXi p Y xI} x = Z t7eY x�} x , Z [D@hBX[badZm[ ~ [bi+ir[7Z'prcdU ~g~ pri } * fbprf
K̂(λ = 0)

p esf p0=Eprc hs[baEcEesfb[7h ~ ZIW}m>@
K̂(λ =

1)
p �Ik\fbe/@XnrZ ~ ihsXZ>,7e/sXa{_1p ~ 1 hs[baEcEesfb[7h ~ m\hMogpqZ\[ }A* f nrZ\Z prY U ~ sXegesfb[D@

ZG(λ) = Sp e−βK̂(λ).
Y x�}:9rz Z

*
K̂(λ)

UrY [7h n ~ UXhG[^]�Y UXaE[ba{,bk n Zmkme c 5 @e@r�rtba!BXt ~ i+k2cM[ o ~ �X[hZ
ZG(λ)

- hgp

ZG(λ) =
∞∑

n=0

(−β)n

n!
Sp
(
K̂0 + λK̂1

)n Y x�}:9)|`Z
p c[1�cdkmi }A* f nrZ\Z prY U ~ sregegf7[D@

λ
esfb[7hgkma ~ k cE[bhsk\� nrZ ~ ogp

∂ZG

∂λ
=

∞∑

n=1

(−β)n

n!
n Sp

[(
K̂0 + λK̂1

)n−1

K̂1

]
= −β

λ
ZG(λ)

〈
λK̂1

〉
λ
.
Y x�}:9eE Z

* Y x�}:9eE Z cE[bhsk\� nrZ ~ W�[D@e_Ep ~ nrhsUXf n e nra1n Z b[@0BX[7ZmaEk�ir[bZ\Zdhgn{Z0_EU0@0B
K̂1

tbe
K̂0

UXY [bhgn ~ UXhsUXi
ad[bW ,7eg[bhstbZ2_E[ ~/3 i c sXZ ZKprfbUra#=Epra p�a!BrUXW�i tbYEf7tbe-Zmk\aE[ prhsk ~ nre n ~ tbeN,7kmi+Zmk\i#.de ~ .EZmpKoscEUXade nS-@Xn ~ cM[bZ2_1pregf7a1nrZ �rp sXesegf7[7�XUra[_1p ~ oj.Ei prf

n
i 5 Z2sXaY= srf 3 egUXhshg[7aEc � UrY [7h n ~ UXhgesfbUXhsf p ~ U ~ }
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\ tD@ 5 Z'p!Z\kmaE[bprhgk ~ nre ~ kmegW�t ~ i+k>_1p egfbaEnrZ\� pqprfrsXegesfb[D@rfbtbe ~ �Ikmegesf p �Ikmesegf 5 i�pqa!BXUXW�irt7Yb-
fbtbeGW �d�X[7Zm[ ~ [ Wnse@rt0ZdW�pKosc`pqesUXh ~ �IkmesegfbpXprZ p i#m ~ oj.Ei [ ]dY UXaE[7a[,bkmnrZmk\e c 5 @e@ �XtbadaYBrt } *
λ
Y1prhgprW�t ~ [7h �`hg[7aEcEegf7[bhVa1p0@0BIiCpraEUXadkmiY.Ee ~ [7hgW�U�cdkma1prW�kmiCprkLY U ~ [7a[,bkmnrZ ogp

Ωλ(T, V, µ) = −kBT lnZG(λ).
Y x�}p9e8`Z

NPadaE[bi
λ
esfb[7hgkma ~ k cE[bhsk\� nrZ ~ ogp

∂Ωλ

∂λ
= − kBT

ZG(λ)

∂ZG

∂λ
=

1

λ

〈
λK̂1

〉
λ
.

Y xI}p9eF`Z
NPf ~ �Ikmesegf p kma ~ [C@Xh nrZ � p

0
- ~ 1XZ

1
- k2@!p f�[bhs[bcE[ ~ k'hs[baEcEesfb[7h�aEp0@0BIiCpraEUXaEk\iY.Ee ~ [7hgW�U�cdkma1pS-

W�k\i p k Y U ~ [7a[,bkmnrZ ogn h p

Ω(T, V, µ) = Ω0(T, V, µ) +

∫ 1

0

1

λ

〈
λK̂1

〉
λ
dλ

prc[1IcEkmi } j1[bZ2_1presfba1nrZ � p�p Y x�}p9b(^Z i+k2cM[ os[bfbt7e ~
Ω
- hgp��rtD@ 5 Z-k\e�p

Ω(T, V, µ) = Ω0(T, V, µ)∓
∫ 1

0

dλ

λ

∑

s

∫
d3r ×

× lim
τ ′→τ+0

lim
r′→r

1

2

[
− }

∂

∂τ
+

}
2

2M
∆− U(r) + µ

]
G(λ)(r, s, τ ; r

′, s′, τ ′)
Y xI}p9e;`Z

iIk)cM[ os[7fbtbe�prc[1IcEk\iwZ ph_EUXZ
Gλ

p
λ
Y1prhgprW�t ~ [7h � i0srZ>,bejsXa[_1p ~ 1 hg[badcEegf7[bh `�hg[7[bab-gc 5 @e@h-

�Xtba!Br[ } * Y x�}:9e; Z sXegesfb[Cc 5 @e@Xtbe`t7h ~ [7ZmW�tD= [ba p�a1p0@hB�iCpradUXaEkmiY.Ee ~ [bhsW�UIcEkmaEprW�k\iCprk
Y U ~ [ba[,7k nrZ ~ k\e iIk ~ .EcCoj.di cM[ os[7fbaEkLp�YEhsUXY1p0@Xn ~ UXh pra1prZ\k ~ k\iY.Ee prZmpribognra1pri kmesW�[7hg[ ~ tD= [ba }6 nrh�prf [bZ ognrh n eGiIk2,besk ~ = UraYBrUXZ>.dZ ~ ph=[=	ZEW�kma ~ p = [7Zme 3 [7aE[bhj@Xk p�egfbnrW�UXZ nregp�[beg[ ~ tC= [7a	Z_Ekmesfb[ba�[C@e@0Br[bZ ~ se=[=�kma ~ [D@XhgnrZ ~ ir[7ZmZ@[7Z\�rtD@X[7fbaEk Zd�Ikmegf7UXa ~ p `�hg[b[7ab-dc 5 @e@r�Xt7a!B ~ p W i[@0B
kme�nrZ ~ prZmn0=1pra p ,be p ~ UXZmnregklnrZmZmpraEc[1HY [bh ~ .Ehj=1n0,7k>1Xe�esUXh p�prZmpribogn0=1pra n ZmZ>m ~ oj.Ei�[7Z 3 Z m>@0B
p
λ
egfb[7hgk\a ~ k kma ~ [C@Xh nrZ [bZ �XtD@rfbtbes[ ~ se=[=Ea!BIkmhs[ ad[bW�UXi UXf YEhgU0=EZmt7W n ~b}

	@8��@8 � �IH D Q\H 	 �9? RUTMN ��� � ��D��9N
* i0sXZ2,be/sra[_1p ~ 1�hg[badcEegf7[bh ` hs[b[ba#-dc 5 @e@ �Xtba!BrtbaE[7i�W�[D@0_1p ~ n hgUXfbnre n0_dUXfGp�Y [bh ~ .Eh/=En0,bk -1XegfbnrWnm ~ nre@Wn1IcEegf7[bhs[bk ~ _1pregf7a1nrZ oj.Ei }T*�x�}:9d} Y1prhgp0@Xh pSc .Ee/=1p a�Z n ~s~ .EiVZy_EUe@0B�pGegf ph=1prc
hg[badcEegf7[bh i [bZ ~43 t7e [7Z ~45 a ~ [ ~/3 UXY [bhgn ~ Urh prk\a1pri k\W p0@rkma1nrhsk>.Ee�kmc 3 c 5 @e@Xt7eg[ [D@0BIegf7[bh �	Z_1p p f�[C@0BIhgt7egfb[C,besir[�YEhsUe=EZmt7W p�W�[D@XUrZmc1nregn ~ kmesW�[7hMo 5 i }}* Y [7h ~ .dh/=1n0,7k>1Xesf nrW}m ~ nre ~
i0sXZ2,be/sra[_1p ~ nregk-irt7Y[= [7a �XtC@X[bf7f 5 iVZ p0_EUrZlprf UXY [bhgn ~ UXhsUXi p�esf p0=1p c hg[7aEcEegf7[bh�a1ph@0B!-
i p aEUXaEk\i#.de < p W�k\Z ~ Urab- UXY [bhgn ~ Urh p esfb[bhskma ~ cM[ osZ 3 cEaE[7i�k\c 3 = [ba } * f

ÔS
� ,L_Eh/sIcEkma{@X[bh -

irtbY{= [7Zmk UXY [bhgn ~ UXhGihsXZ>,7e/sXa{_1p ~ n egk irt7Y[= [bZmk p Z pribogp ~ [C_1n ~ ]
ÔI(τ) := e

K̂0τ

} ÔS e
− K̂0τ

} .
Y xI} z)y`Z



xI} |�} � � , � 	E, �#(21�$03)"'&)(+* - �0(�" 9X|
� @hB�W�UrfD@)nres[D@0Br[baEZ\[ ~ [�p f�p Z n0=[=dk'prZmprirU ~ srZ ~ k ]

dÔI(τ)

dτ
=

1

}
[K̂0, ÔI(τ)].

Y x�} z[(^Z
* Sr- i tbY[= [bZ\k'UXY [bhgn ~ UXh ~ p�i0sXZ2,be/sra[_1p ~ nregk i tbY[= [bZ\k\�X[7Z-prf

ÔK(τ) = e
K̂τ
} e−

K̂0τ

} ÔI(τ)e
K̂0τ

} e−
K̂τ
} = Û(0, τ)ÔI(τ)Û(τ, 0)

Y xI} z+x+Z
_EpregUXadZ>1Xegn0@Xk ~ h praEesfCcMUXhsW nh,bk>1�ihs ~ kOsregegf7[0Z p0_EUrZ

Û(τ1, τ2)
]
= e

K̂0τ1
} e−

K̂
}

(τ1−τ2)e
−K̂0τ2

} .
Y x�} z!9 Z

* Y x�} z!9 Z cE[%b1a{m>,bk21e=w1XZ ihsXaEa!BX[7a9Zmn ~ _Ep ~ 1 prf
Û
UrY [7h n ~ UXhqprZmn0=[=Ek 9 cMUXa ~ UXe ~ .dZ pKo -

cdUXaEe nh@)p ]
(
	
)

[
Û(τ1, τ2)

]−1

= Û(τ2, τ1),

(
	 	

) Û(τ1, τ2)Û(τ2, τ3) = Û(τ1, τ3),

(
	 	 	

) Û(τ, τ) = 1̂.

* f
Û
UrY [7h n ~ UXh W�UXfC@)nres[D@0Br[baEZ\[ ~ t ~

τ
esfb[7hgkma ~ k�cd[bhgk � nrZ nrese prZGesf nrhsW p f ~ p ~ _1p ~ _Coj.Ei

p�Y x�} ze9 Z [D@0Br[baEZ\[ ~ = 3 Z
}
∂

∂τ
Û(τ, τ ′) = e

K̂0τ

}

(
K̂0 − K̂

)
e−

K̂
}

(τ−τ ′)e
−K̂0τ ′

} = −K̂1,I(τ)Û(τ, τ ′).
Y x�} zXz p Z

* W�UXfD@Xnreg[C@0BX[7aEZm[ ~ _E[7f ~ prh ~ UXfD1 i [bfbc 3 cM[bZ ~ t ~ [bZ ]
Û(τ ′, τ ′) = 1̂.

Y x�} zXz = Z
� hscE[bW�[be�p�Y x�} zXz Z [C@0BX[7aEZm[ ~ [ ~ k\a ~ [D@XhgnrZm[C@0BX[7aEZm[ ~g~ t prZ priYm ~ praEk

Û(τ, τ ′) = 1̂− 1

}

∫ τ

τ ′

K̂1,I(τ
′′)Û(τ ′′, τ ′)dτ ′′,

Y x�} z+|`Z
W�[bZ)BX[ ~ k ~ [7h p ~ m\� pra�W�[D@ ~ .dc[.EaEiHUrZmc1pradk } * f k ~ [7h p ~ m\��W�[C@XUXZmcEnre:]
Û(0)(τ, τ

′) = 1̂,

Û(1)(τ, τ
′) = 1̂− 1

}

∫ τ

τ ′

K̂1,I(τ1)dτ1,

Û(2)(τ, τ
′) = 1̂− 1

}

∫ τ

τ ′

K̂1,I(τ1)dτ1 +

(−1

}

)2 ∫ τ

τ ′

dτ1

∫ τ1

τ ′

dτ2K̂1,I(τ1)K̂1,I(τ2),

. . .

Û(τ, τ ′) = 1̂ +
∞∑

n=1

(−1

}

)n ∫ τ

τ ′

dτ1 . . .

∫ τn−1

τ ′

dτnK̂1,I(τ1) . . . K̂1,I(τn).

Y x�} z!E Z
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* Y x�} zeE Z [D@0Br[baEZ\[ ~ adtbZ@i [bZ\Zm[bW�[ ~ Zm[7aEegtC@[ZY_EUe@0B�prf

n
[C@0BIW n e . ~ nraEk

τ
esfb[7hgkma ~ kLkma ~ [C@h-

h nrZ aE[bW p f
n
cEkmW�[badfbk>1re _EkmY [bhsirU#, iCnrh p ~ sXh ~ tbaEk\i } Q-[bi+k\a ~ e 5 i`pqi+k)cM[ o ~ t7e 9d} ~ ph@<ogn ~Y

n = 2
Z^}

∫ τ

τ ′

dτ1

∫ τ1

τ ′

dτ2K̂1,I(τ1)K̂1,I(τ2) =
1

2

[ ∫ τ

τ ′

dτ1

∫ τ1

τ ′

dτ2K̂1,I(τ1)K̂1,I(τ2)+

+

∫ τ

τ ′

dτ2

∫ τ2

τ ′

dτ1K̂1,I(τ2)K̂1,I(τ1)

]
=

1

2

∫ τ

τ ′

∫ τ

τ ′

dτ1dτ2Tτ

[
K̂1,I(τ1)K̂1,I(τ2)

]
.

Y xI} zY8+Z
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∞∑

n=0

1

n!

(−1

}

)n ∫ τ

τ ′

. . .
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∑∞
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∓
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∓
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� ! ��� ��� �5� �� � ��� � � � �C� Y76 ":9'; Z�$ ��� ����% �&	
		��� �����'��� ! � ��� �$� 	 ���
±eλaβ(ea−µ) Sp (ρ̂0α̂aα̂bα̂c . . . α̂z)

��D � D �&� "�( � � " � �%����� � ��� 		! � �� ��� ! �4D���&��� ��� !	� ��� � �L���
1∓ eλaβ(ea−µ) � 	��)� ���*��+�

� � � ����� � ���K� ,C� �)�,%2������ � ��� � � � � � Y86 "N9	9`Z0D�� b �&" ����� � ��� � � � � � ���-� !�	�� � 
 � � !	� "E� ����!	�
,3� �?��� � 	��5���#		! 
���� � � ! � � � ��,C� � ! � !	� � � �

Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z) = α̂aα̂b Sp (ρ̂0α̂c . . . α̂z)± α̂aα̂c Sp (ρ̂0α̂bα̂d . . . α̂z)+

+ . . .+ α̂aα̂z Sp (ρ̂0α̂b . . . α̂y).
Y86 "N9�. Z

/ ������� - ���&��� ��� � � ��� , � � ���0 >���&� ! � � � � �.�*��'� - � � � 
 � � !	� "E� ��� D�� b �&" �����'-��  �� ������� �  & �
,�� D ! � "210������� , ����� ��� � 	���! 
>��� � � ! � � � ! ���#���� ���*��� , � 	��5, ���L, ���4�&�.��� � �&� �J��� �
! 
>��� � � ! �0
 � � !	� "E� ! ��� -�� � ! � �I,�� D ! �3� ,C� �)�*���%� 	��5,3��� , ���&�&�.��� � �&� ��� �4����� � ��� �L� � ! �
� ! � � �

(−1)P � � ���4� ��� ! � P ��� ! �5%2��� ,C�&! � ! 
���� � � ! �%
 � � ��� ��� ��� � � ��, �-� � , ��� � � � �.�
��� � ���&� �	�#	 ����� � �6� !�	�� � � � ! ���#���� ���H� 
 � � !	� "4�$����D � ! 
���� � � ! � !	� � 	��A,3���%, ���4�&�.���
� �&� - ���� � " � ��� � �

Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z) = Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z)+

+ Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z) + . . .+ Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z).
Y86 "87
9 Z



; 9 �������	��
������������������������� �����	!�
#"%$����'&��	!)(��	�*�+�	,��-!.���0/

/21 6 "N9�.�3 � 	�� �����4���� �	� , � � -�� �5� � � � � �4� �
� !
	�� ��� ��� -�� � ��� � ! ���  - % ! � � �$�'�*���� � "-4 � �)�
D����I� � 
 ���  >��� � �.����� � ��� ��� $ �+� ���C� � �	!�,3��� 
�� ���0,65�� ���4����� , $ 	 $���� � �&� � ! 
���� � � ! � !	�
� � ��, �-� , " 	%����	
� � ,3� ��D���� ! 
���� � � ! ��� �+� 
 � � !	� "4�*��� � ����$ ��� ��� � �&������� ����	 � �M,�� D ! � "
/ �	��	 ������D ,C� � � ����� � �

Sp (ρ̂0α̂aα̂bα̂c . . . α̂yα̂z) = α̂aα̂bα̂cα̂d . . . α̂yα̂z + α̂aα̂bα̂cα̂d . . . α̂yα̂z+

+
$ ��� ��� � �*$
 - � �&�#����� ����	 � � ����� - � � 
 � � !	� "4� ���

.
1 6 " 707�3

8�9;:=<;>�?@<;A�B#C+9;DFE
α̂
! 
���� � � ! � � � ! ������� � �� � ��� ����'� � � ��� �����.� ��� ��� , � ���&�  � - � � D)�

�)��� � � ,C�4� ��� ���F� ! � , � ��������D � ����� � � ��� � � ,C� ��D ��	 � � ��� � " /0����� �C!�� � �)� !
	�� 
 � �������
�K��� � � ��,  ! 
>��� � � ! � � � ! ������� �  �������� , �&������� � 	�� ������ �5�M� ���E�*�&� ,3� �)� ���4� � �)�������
! 
>��� � � ! ��� ���#� � �@��� � � � ! ���#��� ��� , �	��� �%, � 	 �*� ��� ��� ����� � � � ��,C! �#" / 	�� � � � ���
� � ! ���#�'� ��� ������ �C� ��� ��� � � 	�� � ��� ��� ����� � � � ��, � ������� ��!	� � ����	 ��� ,C� ��D ��	 � � ��� � "
G�� � ��	)� � - � � ,C!	� �

τ
% �&	
	 � ! 
���� � � ! � !	����� ������� � � ��� ����� �@� � ���� ��D�������D � �����

� �4����� , � 	 ���� � � ! � ! ���3��� 	��5� ��� ! � �4� � � ��!	� � ����	 ����" / �
α̂
! 
���� � � ! � !	�*� D&��% �&	
		� �

��� � 1 � $	� ��� $��&���� ����� ��� 
& �����3 � 1 6 " 6 7�3 � 	�� �����&����� �*, �A�$��� -���� "(/0������� 	�� �����&�.��� �
� ������� ,3�  >��� ��� � D&��% �-	
		��� � 	��5� ����� 5 ��� ��� � � % �&	
	��	� � � � , ��� � ��� �+� � , �������.� � � � �
� ��!	,C��� 
�� ���M,65�� ���&�.��� ��� � ����" 	�� ��� � D-��% �&	
	 � ! 
>��� � � ! � !	�=��� ������� �=� ��� ����� � �5�&��� ���+�
� ������������� -����@� D&��% �-	
	 �����&��� 
 � � !�� "4� ����!�� ��� ���=��� �  & � ,�� D ! �

Sp
(
ρ̂0α̂a(τa)α̂b(τb) . . . α̂z(τz)

)
=

[
α̂aα̂bα̂cα̂d . . . α̂yα̂z + α̂aα̂bα̂cα̂d . . . α̂yα̂z+

+
$ ��� ��� � �*$
 - � �&�#����� ����	 � � ����� - � � 
 � � !	� "4� ��� ]

eλa(ea−µ) τa
} . . . eλz(ez−µ) τz

} .
1 6 " 7 6 3

G%��	�� �1� � � -�� � � � � ��� � D&��% �-	
	 � ! 
���� � � ! � !	� � D&�	������D������.��� � � ! ���#��� � �� � ��� ������ �
� ��� ����� ����"IH �KJ� �&� � - � � ��� �ML�N	OQPSR;T+T	O ! 
>��� � � ! �?
 � � !	� "E� ! ��� -�� �?��� ��� �  - � ,�� D ! �VU

α̂a(τa)α̂b(τb)
U
=
〈
Tτ

[
α̂a(τa)α̂b(τb)

]〉
0
.

1 6 " 7XWX3

� � �5� �)� ����� �����A� � �(
 � � !��L� � ��, �� D&��% �&	
	 � ! 
>��� � � ! � � D-�	������D���������� � � ! ���#��� � �� �
��� ������ � � ��� ����� � � ��� ��� 	��)��� %2��� ����� � �#$	���&� !
	��

τa > τb > . . . > τz
" / �+��! �

Sp
(
ρ̂0 Tτ

[
α̂a(τa)α̂b(τb) . . . α̂z(τz)

])
= α̂a(τa)α̂b(τb) . . . α̂y(τy)α̂z(τz)+

+ α̂a(τa)α̂b(τb) . . . α̂y(τy)α̂z(τz) +
$ ��� ��� � �*$� & � �&�#����� ���#	 � � ����� - � � 
 � � !	� "4� ��� "

1 6 " 7�;�3

Y �*��� ! 
������ � � ! � !	� � D-�)��� 	 � , ���)�*� ,3� �� � ��! ��������D - �H� %2���)� � �F� �+��! �@��� � �4��"E� ���
� �5� � ��� � � ��� � � � �&� �����

Tτ
� ��� � ��� �&� �� 	�� ��'� �*��� ��� � D&��% �&	
	 ��
 � � !	� "E� ��� 1 6 " 7XWX3
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D��KJ�&" �����'- �-�	� ! ���  & � � 1 6 "87 6 3 � 	�� �����&�.� ���K��
 -�� �3� 1 6 " 7�;�3 � �A� � ��� � � ��� � ��� � $ � �.� � ���
� �&� " Y � ��� ! �  ��� ��� ! 
���� � � ! � !	� � D&�)��� 	 � , ���)�*� , � � � � � ��� ����� � ��� 	��5����	3� ����� � �)�
������D���� � ���?� �5��! � � 1 6 "87�;�3 � 	�� �����4��� ,C� ��D ��� � ! �4D��� � � �� 	��A����	H� ����� � �)� ������D���� �
����� -���� � � ����" /0����� � !�� �@� 	�� � ��� ��� � � !
	�� ��� � D-�	������D����#� ! 
>��� � � ! � , $ 	 $���� � �4� �
! 
>��� � � ! � !	� ��! ��������D - � � 	��

(−1)P % � � � ! ��� � � ���E��� �+� �+� � � ,C� ��D�� 	�� � � �&� ����� ��� � D&���
������D������ ! 
���� � � ! � &	��5�&� ��� � D&�)��� 	 � , ���)��� ,3!�� ��� � , � 	 %2���&����� ��! ��������D& >�@��� ��- �
��� , � 		� � ! � ! ���#�

(−1)P � � �������� ! � P � %2��� ,C�&! � ! 
���� � � ! � !	� 
 � � ��� ��� ��� ��� � � � ��, ��"4 ��� � ��� �.� �=��� , � 	��A,3��� , ���&�4����� � �&� �=! 
���� � � ! � !	� 
 � � !	� "4� ����� � &	��3� ������� , ���.� ��� �
� !
	�� ����� � �#$	�F
 � � ��� ��� ���+� ��� � 	��5, ��� , ���&� �%�A�4��� � ��� �3
 � � !	� "4�$����D �C! 
>��� � � ! � !�� �'� �
, � - DC� �+� %2� - ��� ��� � , � 		� � ! � ! ����� �

(−1)P � � ! ��� � � �����5��� ! � P � %2������� � ��� � �4� 
 � � ��� � �� ��� � � ��, ��" / 1 6 "87�;�3�� 	�� �����&�.� � D&�)��� 	 � , ���)��� ,3!��J� ����� � �)� � �&$ � � �)� � ��! ��������D& ��
������D���� ��� � ����� � � � � ,C� ��D ��� � ! �4D��� � 	�� ������� ! �

(−1)P � � ��� � ��� � , � 		� � ! ��� ����� � ���
� �)�A�E� ���&��� � � ������� ���B� 	�� �����&������� ! � !	� � �����K� � "E� ��� ��"
G���	
� � ��� �+� �)� ����� � � � ! 
���� � � ! � !	� � D-�	������D���������� � � ! ������� � �� � ��� ������� �C� ��� ����� ��


� � 	�� ���
Â(τA)

���
B̂(τB)

��� � � � � ! 
>��� � � ! ����������� � � 	��
Ψ̂†(r, s, τ)

� � 	��
Ψ̂(r′, s′, τ ′)

"
10������� , ����� ��� ��� � � D&��% �&	�	 �I� � � ! 
���� � � ! �?
 � � !	� "4� ! ��� -�� �?��� ��� �  & �>, � D ! � U

Â(τA)B̂(τB)
U
=
〈
Tτ

[
Â(τA)B̂(τB)

]〉
0
.

1 6 "87)9X3

4 ��� � �@D �&� �.��� �  &��� �4�5� � ����! � � ����� � ��� � � $ ��� �#���� 	  ��� � ����� � � � ! 
���� � � ! � !	� 1 7	" W)9X3
D��KJ�&" �����'-��#� ��� ��� ��� � D&��% �&	
	 �

α̂
! 
���� � � ! � !	� ���  �� � �����.������� 1 6 "87XW�3 
 � � !	� "4� ����� ���8"

/ 1 6 " 7	9X3 ��� � 1 6 "@7X7�31D��KJ�&" �����	� ���&��
 -�� �

Ψ̂(r, s, τ)Ψ̂†(r′, s′, τ ′) = ±Ψ̂†(r′, s′, τ ′)Ψ̂(r, s, τ) = −G(0)(r, s, τ ; r
′, s′, τ ′).1 6 "87
7�3

<B� � � ���E�*� � �4�&��� � � ��� �F���E� � �)�����*� � � � ! 
���� � � ! � 
 � � !	� "E� ��� � � � ��� � " / � � � ! 
���� � � ! � !	�
1 7	" W)9X3 D��KJ�-" �����'- � ��� ���

α̂
! 
���� � � ! � !	�B� D-�	������D���������� � � ! ������� � ��� ��! ���� ��! � � 1 6 "87�;�3

 ���$� � � � ����� � � 	 "4� ���#		��� ��� � � � ! 
>��� � � ! � !	�@� D&�	������D���������� � � ! ������� � ��� �&� �+�&,C! ��D&��'���
- � � �  ���$� �8� � �����E� � � , ��� � ���

Â(τA)
�
B̂(τB)

�?"�"�"��
Ŷ (τY )

�
Ẑ(τZ)


 � � !	�I� � ��,�
� � � ! 
>��� � � ! �?� � ��� � � � � $ � ��� � ���#�@���K� ��! � $	�E� �

〈
Tτ

[
A(τA)B(τB) . . . Y (τY )Z(τZ)

]〉
0

= Â(τA)B̂(τB) . . . Ŷ (τY )Ẑ(τZ)+

Â(τA)B̂(τB) . . . Ŷ (τY )Ẑ(τZ) + Â(τA)B̂(τB) . . . Ŷ (τY )Ẑ(τZ)+

+
$ ��� ��� � �*$
 & � �&������� ����	 � � ����� - � � 
 � � !	� "E� ��� " 1 6 "87��X3

/ 1 6 "87�;�3 ��� 1 6 "87��X3  ���$� �8� � ����� � � 	 "4� ���#		��� ���A��� ! 
>��� � � ! � 
 � � !	� "E� ����!	� ��� �5�&��� �#�+�
� ������� � � �+�4� � ��, "E�*���� - � � ���.� � �#�	�&� 	 � �B! 
>��� � � ! � � � ! ���#��� � �#�� ���DH������D � �����B�� 	��A� �+�
� ! � �&� � �F��!�� � ����	)� ��� � ����� ��� ������� �C� ��� ����� ��� ,C� �)� � ,3� � � ��� � 1 6 ":9 W�3 �5� %2� - ��� ��� �����
� ���#� - � ��� � � ��, � � � �'- � �4� "�� � �&D�� ��� �+� ��� �+� �)� ����� ���C��� �  & � � D&�	������D���������� � � ! ���#���



; 6 �������	��
������������������������� �����	!�
#"%$����'&��	!)(��	�*�+�	,��-!.���0/

��� ������ �A� ��� ����� ��� ��� ! �
Xi = (xi, τi) � U

〈
Tτ

[
Ψ̂(X1)Ψ̂(X2)Ψ̂

†(X3)Ψ̂
†(X4)

]〉
0

=

= Ψ̂(X1)Ψ̂(X2)Ψ̂
†(X3)Ψ̂

†(X4) + Ψ̂(X1)Ψ̂(X2)Ψ̂
†(X3)Ψ̂

†(X4) =

= G(0)(X2, X3)G(0)(X1, X4)± G(0)(X1, X3)G(0)(X2, X4).
1 6 " 7��X3

���	��� 
������� ������������������� �� 
/ 1 6 "N9;W�3%
>���������� ��������� ��! ��� � ��D�� , � � �� & ��� � D&� ��� � � � ��� �4� ! � �	�  ��� � � �&,C, ����� � �
� � � �� & ���&� � ��� � ! ��� � " /0����� � � ��D�� ���  ���� � ����� �������  >� ���3��� �  & � � D-��% �&	
	 � � $	� �
��� $��&���� ����� 
 ! ����� ���&� �4��U

v(x1, τ1; x2, τ2)
U
= V (x1, x2)δ(τ1 − τ2),

1 6 " 7
.X3

��� � � $	� ��� $��&���� ����� ! 
���� � � ! � �#5 � 5����#		� �

k̂1(x1, τ1; x2, τ2)
U
=

1

2
Ψ̂†(x1, τ1)Ψ̂

†(x2, τ2)v(x1, τ1; x2, τ2)Ψ̂(x2, τ2)Ψ̂(x1, τ1),1 6 " ��9X3
, ��� �  ���

K̂1 =

∫
dX1

∫
dX2 k̂1(X1, X2).

1 6 " �07+3

! ��� �&� ��� � ��� � �4��� � ���
Xi = (ri, si, τi)

� ���  >� � ��������� ��� ���

∫
dXi ≡

∑

si

∫
d3ri

∫ β}

0

dτi
1 6 " � 6 3

- ����$�� ��� �#"0/ �+��! ��� 1 6 ":9;WX3 �5� %2� - ��� ��� � ��� ��� �  - � ���&� �  ��"&������ - � � U

G (X ; X ′) =

〈∑∞

n=0
(−}

−1)n

n!

[∏n

i=1

∫
dXi dX ′

i

]
Tτ

{[∏n

j=1 k̂1(Xj , X
′
j)
]
Ψ̂(X)Ψ̂†(X ′)

}〉
0〈∑∞

n=0
(−}−1)n

n!

[∏n

i=1

∫
dXi dX ′

i

]
Tτ

[∏n

j=1 k̂1(Xj , X
′
j)
]〉

0

.

"$#&%('*),+
/.- ������� � % �&	�	��	� � � ����� � �&��"4� ����� ��� � ��� -�� � ��� �3� � $ � ��� � ���#��" / 1 6 " �;WX3 �+� %2� - ��� ���

� � ��, � � � �'-�� � ��� ��� � ����� -�� � �4�L�5� %2� - � -����
n
� ����� � �)� ��� ,C� ��D����*������D& ���� 1 ,C� ��D����

n
� ���+30��� �	��	 ����� ��� �  ���$� � � � ����� � � 	 "E� ����		�.� ��� ��� � ���K� 	�!	�I�+�&� � ��, "4� ����� ��" / 
 � � !�� " �
� ����!	� ���F� � $ � �.�*���.�*� ����	 � ��D�� ���  ���� � ��D�� , � ��	 ��� J � � � ��� � ��� , � � �E���.��� � "
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���
	����� �������������������! �"�#$#�"%"��'&)(+*)�-,��.��/10���/2��/2*3,4��5�(76��8��*

/ 	 ����J � � �1� ��� , � � �4����� ��� ���%��� �  & �,�� D ! �3��$	��� � � �4� " � ����� ! ��� ! � ,3� ��D���� ��!5! ��D � �
� � � � � ! � 1 � � � ����� D&� � 	��)� ���S3?� 	�� 
 ! �)�#" 4 � ��D���� 
 ! �)�* ��� � ��� � 	�� � � � ! 
>��� � � ! ���
� , ��� � � � 	�� � ���E�*� � � 	�� ���E� � �)�����*��"?/0��� � � � � � ! 
���� � � ! � !	� �+� 
 � � !	� "4� � � ��� ��! ���� �
� 	�� - ������� ��% �&	
	���� � � �#" / - ������� � % �-	
	��	� � � �M� 	��I� � � � � "4� ! ��� ��! ����4�K��� � ��� , � � �E� -���� �
� , ��� � � �+� 
 � � !	� "4� ! ��� � ���4��� ! 
���� � � ! ��� � ����� ���4� � �)���.�*� ! 
>��� � � ! � ��	 �  � � D �4� " / �#���
,C� ��D���� � ���4��� ! 
���� � � ! ��� ! � �

Ψ̂†(X) � ������D���� -�� � � � 	��B! � � ���:9 % � � �	! ����K�'�; � , ��� � ���
X
��!5! ��D � � � � � -� 
 ! �)�* � � � ��D&���4� ��� ,3� ��D���� ���4� � �)���.�*� ! 
���� � � ! ��� ! � �

Ψ̂(X ′) � � � � � �� � � ������D���� -�� � � � 	�� 9 % � � �	! ����K�'�; � � , ��� � ���
X ′ ��!A! ��D � � � � � -� 
 ! �)�* �� � � � ��� �4� "

<B� 
 � � !�� "4� ��� � � ��� , ��� � � � �#�� ���D - ������� � % �-	
	��	� � � � � � ! � 	)� �E�$��� - �-� " 	�� ����� �5�  � � � �&�4�
� !
	�� � ��� � % � � �	! ����K�'� $ ��� ��� � $�� -���� "

/ 1 6 " ��9�3 � $�� ��� $	�&��'� ����� �$� 	  ��� ��� � � ���E�*� ���?��� �F���E� � �)�����*� ! 
>��� � � ! � � ���3��D��
$ ��� ��� � ��� ��� � �*��� � ��!A! ��D � � � �$��" 4 � ��D ��� � ��!A! ��D � � � � � � ! � �$����� ! � � 
 ! �)� ! � � ���3�
� , ��� �  >� � 	�� % � � ��! ����� ��#% �A�=� 	�� % � � ��! ����0
���D ��	 �+� % ���  ������	�&��" / �C� ��� � 
 ! �+�
��� ! �  ������� , % �&	
	 �����4��� " / 	�� � ��� �.� � D&�	��� 	 � , ���+��� , � � ��� ! � !�� � ,3��� � ��� ��� ,3�#	
�
v(X1, X2)

� $	� ��� $��&���� ��� $ ��� ��� � ��
 ����! � - � � � ����" /0� � ��� � 1 6 " ��9�3 � $	� ��� $	�&���� �����
��� 	 � ! � ������D���� -�� � � � 	�� ! � � ��� �  �� � � � � ,3� �$�����$��� , ��� ��� � �+�4, ���&� ������� �  >� - $ � �
% � � ��! ����&��� � ��� � 
 ! �)� ! ��� ��� � ��� � 
 ! �)� ! �I� 	���� �#� 	 �'� ! ��� �	! ������$ ��� ��� � $�� � � � ,C�
����� - ����$	� � � � !
	�� ������� ��� �=
 ! �)� � $���$���� � ������� , ����� ��� � � $	� ��� $	�-���� ��� �#"=/0��� � �.� �

 ! �)� !�� �'� ��� � ����� ���  >��� � � 
 ! �)� !	� �� � " / 1 6 " �07�3 �+� %2� - ��� ��� ��� �B, � 	 %2���&�����5���B� � � - � � �
� !
	�� �� ���� � � 
 ! �)� !	� ��� � �)��� 	 � � �4� � � ���4�8"

X1

X
′

1

=⇒

X1

X
′

1

+

X1

X
′

1

6 " 6 " �  �����" / - ������� ��% �&	
	���� � �
��� � ����� -�� ��� � ��� � � ������D 5 ��! � �
��� ������� - �2�� � � , ���)� D � � 	 ��� ,3!	� �
� ��� � ��� , � � �E����� � ��"

/ 1 6 " �;WX3 - ������� ��% �&	
	���� � � ��� � ���#� - � 
���� �
�*���� �������	� ��! � � �� �

n
� ��D ������D 5J-�� ����� ���'� � &	��

� ��
 - � � ���#� � ��� � !
	�� ���
n
� $	� ��� $	�-���� �����B�	! �

������ ! � ��� �����K� ��! � �
4n
� � � � � "E� ! ��� ��! ����&��� ���

$ ��� ��� � �&�#����� ���#	 � �F, � D ! � �+� 
 � � !�� "4� - � � 1 $ ��� ��� �
� $�� -���� 3��0J 	�� ��� � �%�������-� � !
	�� � �+� 
 � � !	� "4� ! ��� % � �
�	! ����K� �3� � � � � "E� ��� � � 	�� �����3�&� 	�� ��� 1 ���#��� � ���4���
! 
>��� � � ! ��� ��� � � ���E� � �)�����*� � ���F
 � � !�� "4����� � 3." /
�5� 
 � � !	� "E� ! ��� ��! ����&� � � ! � � 	�� −G(0)

� �#�� ���D

�� ! 
�� 	)� � ! � �$����� ! � �&� � , " 	 � � $	� ��� $��&���� ��� � - ���
��$	��� ,C� ��D���� � �#� 	 �'� ! ��� �	! ������ ! � � 	��

v/2
-�� ��� �

� ��� " / ��� � ���#�
 ���� %2���4� � 
 �CD � � 	 ��� ,C!	�3,3� ��D����

 ! �)� - �  >��� � �*
 ! �)� � ����� �(,3� ��D�� 	��5�&��� ��� � �)��� 	 � � ����� � " Y !�	�� � � � � �&� 	 � 1 6 " �;W�3
� 	�� �����&�.� ��� � ����� -�� � � ��
 - � �*� � ���5����	 � � ,C��	 ���0" 	���� ��
 ! ��� � �)����� 	 � � � !	� ��� , � 	 �
� � ! � ! ��� �

(−}
−1)n/n!

� � ���8" ���� ,3�4! � !	� � � ��� � � � � � �)� � � J 	�� ���4� � � ���&� �������-� � !
	��
� 
 � � !�� "4� ����!�� � � �F��� ! 
���� � � ! � !	� � 	��5, ���3, ���&� �@�5� ����� � ����� � ���&��� � � � 
 � � ��� ��� � �
� ���4� �	�#	 ����� � � ��� " 	�� � �+� %2� - ��� ��� � , � 	�� ���4� � � ! � ! ��� �

(−1)F � �����F��� ! � F � %2��� �,C!	� � ! 
���� � � ! � !	� 
 � � ��� ��� ��� ��� � � � ��, ��" /0��� ���
F
� � ��,C! � � � � �+� � �@�&� ! � � � � ���� - � �

� $	� � �����&��� � � � %2���&��� - � ! �E� 	 � � %2� � � �4� "=<1��� � ������ � ��� !
	��
F
� 
�
���� � D � � 	 ��� ,  ���



;	; �������	��
������������������������� �����	!�
#"%$����'&��	!)(��	�*�+�	,��-!.���0/
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6 " WA" �  �����" / � $	� ��� $	�-���� � - ������� ��% �&	
	���� � � � � ��, � � � �'-�� �� � ��� � �L������D 5@��! ����� ����� �
�'- � � � � � , ��� � D � � 	 ��� ,3!��5� ��� � ��� , � � �4���.� � ��"

�$��� � ����'� � � � ��� %2��� ,3�4! �5� ��� ��!	�H� � ��, ��"3/0����� $ ��� ����% �&	
		���  ���� � � ����� � �+������� � ��� �
� �
 & ���� ����&� � �.� - � � " / �B��� -�� � ��� �?� 6 " 6 " �  �� � � � ��� , � � �4���.� -���� �I��� � ���#�3��� � �	������D 5
1
n = 1

31D � � 	 ��� ,%- � �4� ���7"
/ ����� -�� � ��� ���K��
 -�� �3������� ��� �1D � � 	 ��� , -�� ����� ��� �-� � � 	��5�&� ��� � �&�&��
 ! �*$ ��� ��� 	 ��� � �

������D 5J��! ����� ������� - � U

Z
(1)
G

Z
(0)
G

= − 1

2}

{∫
dX1dX

′
1

[
− G(0)(X1;X1)

][
− G(0)(X

′
1;X

′
1)
]
v(X1;X

′
1)+

+ (±1)

∫
dX1dX

′
1

[
− G(0)(X1;X

′
1)
][
− G(0)(X

′
1;X1)

]
v(X1;X

′
1)

}
.
1 6 " ��;�3

/ � � 	�� �����&�.� , ����! D �&�=��! � �  ��� , � 	#- ���4���&�
(±1)

� � ! ��� � ��� � ��� � � 
 %2����� ,3�E� ����� 6 " 6 "
�  ���� , ����! D �&� D � � 	 ��� ,%- � � 	�� �.���4���I
�� ! 
� 		� � ! � !	�  � �+��� ��! � ! ��� �)��� ��! � �$�����$��� , �����
� ,3� %2��� ,C�&! � !	� � � ��� � �I� 	�� −1

� � ! ��� � � ������D ,3� � � ��� 1  ! � ! � !�� � � �.� � �L
>��D ��	 � � � ���
� � � ��� % � � � ! �3 " / 1 6 " �';�3 ��� � � ��! � �  ��� ��� , - ���&���+� , � 	 ���B� � � � � �����-� , �����?� 6 " 6 "
��� � � D � � 	 ��� ,B- � ��� �L
�� ! 
� 	)� � ! � � ��� ��! � �$�����$��� , ��� � ,3�  ! � ! � !	�H��� %2��� ,C�&! � !	�
� � �.� � � �&� $ ��� ��� � ���

+1
� � ! ��� � � � � � ���#� � ��� -�� ��" / �4�&���&�	��� ������� 
�
>��� � ��D�� , � � � 1 6 " � W�3

��� � ����� - � ��� � �	������D 5 -�� ����� ���'� �� � � $�� � �.���4��� � �B�  ���$� � � � �����&��� ���K��
-��� � D � � 	 ���+�
,3!	� � � � �)� � ��� � ��, "4� ����� � ��� ����	 ����� � � , ��� � ������D ,C� � � ������� ,C��� ������� � ��� , � 	 � 	�� ��� �&�
� 1 6 " ��;�3 �+� %2� - ��� ����� ���8"

/ 1 6 " �;W�3 - �������)� % �&	
	��	� � � � � ��, � � � �'-�� �� � 
������*���� �������	� ��! � � ���� ��! ��� � ��� ��� �
� ��"E�*���.� -���� " / �.� � ���4� ����� � �#$	� ��� ����� � ����� � � � !
	�� � ��� � �������&$	� ��� 
>� � � � � � ��, � � � �
�$�����$��� , ��� ,C��	 � 	�� � � 	�� ���5����� � ���4�*� ��� ���E� � �)���.�*�I� � � ! 
>��� � � ! ������� , ��� � � � ��� � � � �)�
� � � 
 � � !	� "4����� ��� ���4�8"0/0� � ���

n
� ��D ������D& >���

4n+ 2
� � � ! 
���� � � ! ��� 1 % � � ��! ����&���S3 � ���&�

�5� 
 � � � "4����� � � ��� � �����	� � � �4��, ��������������� ,�� D ! � " / � � ��, � � � �  ���0%2���4� � 
 � ��� �B���5�����
� � � ! 
���� � � ! � ��!5! ��D � � � � � -�� ������� ! �  ��� ��� , � �)��� 	 � � ����� � " / � ����� � ����� �$����� ! � �
��� �M
 ! �)� ! � � � � � � 
 ! �)� !	� �� � ��� � ����� ��� " / %2��� ,3�4! � 
�� ! 
� 	)� � ! ��� ��� ��!	�C� �E�$���- >� �
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� ! � ! ���
(−1)F � � � � �����	��� � ��� �&���-	�� ���&� �?� ���&� 
 ! �&��� � �.��� ����������� �)�L��� �+� �)� ����� ,C!	� �

� � � ��, � � � � ��� � � ������D 5 1
n = 1

3 -�� ����� ��� � � ��" / �C��� -�� � ����� ��� � � ���������*� D � � 	 ��� ,C! �
� ���%� 6 " W�" �  ���� � ��� , � � �E���.� � " / D � � 	 ��� ,3!	� -�� ����� ��� �-�>� 1 6 " �;W�3 - ������� � % �&	�	��	� � �
� � ��, � � � �'-�� ��� � ��� � �3������D 5J��! ����� �������'- � ���� ���K��
 -�� �

ZG

Z
(0)
G

G
(1)(X;X ′) =

1

2}

∫
dX1dX

′
1

[
G(0)(X1;X1)G(0)(X

′
1;X

′
1)G(0)(X;X ′)±

± G(0)(X1;X
′
1)G(0)(X

′
1;X1)G(0)(X;X ′)± G(0)(X1;X1)G(0)(X;X ′

1)G(0)(X
′
1;X

′)±
± G(0)(X

′
1;X

′
1)G(0)(X;X1)G(0)(X1;X

′) + G(0)(X;X1)G(0)(X1;X
′
1)G(0)(X

′
1;X

′)+

G(0)(X;X ′
1)G(0)(X

′
1;X1)G(0)(X1;X

′)
]
v(X1;X

′
1).

1 6 " �	9X3

� � � - � � ����� � ���3� !
	�� � 1 6 " �;WX3F
����������� �������	�%��! � ,3� ��D����J�$� 	#-�� � ! ��� ! ��� � �*� �
D-��� � ������D����&� � � 	�� � � 	�� �� � � , ��� � D � � 	 ��� ,C! �#" / � �4��, ���������������L��� -�� � ��� � � 	 "4� ��� �
	���� ��� � �� � � , ���)� D � � 	 ��� ,3!	�  � � � 	��	� ������� ,65 ��� , � 		� ��
&����� - � � �J
>�����*���� �������	�
��! ����"

10��D�� , � � ��� ����� � ����� � � 6 " W�" �  �� � �3��� !
	�� ��� ��� � � ��� � D � � 	 ��� , � � ��$
 & � �*�	�����4� � �
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Ĥα =
∑

k,s

}
2k2
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â†k,sâk,s +

1

2V

∑
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s,s′

vα(q)â†k+q,sâ
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k′−q,s′

âk′,s′âk,s−

− nvα(0)
∑

k,s
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n2V

2
vα(0).
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k,s â
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N
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(�# - # 21O ( / A78'2 / 
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 ( 8�.
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Ĥα =
∑

k,s

}
2k2
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â†k,sâk,s +

1
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∑

q,k,k′

s,s′

vα(q)â†k+q,sâ
†
k′−q,s′

âk′,s′ âk,s −
n2V

2
vα(0).
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q = 0
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1

2V

∑
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vα(0)â†k,sâ
†
k′,s′

âk′,s′âk,s =
vα(0)

2V

∑

k,k′

s,s′

(
â†k,sâk,sâ

†
k′,s′

âk′,s′−

− â†k,sâk′,s′δk,k′δs,s′
)

=
n2V

2
vα(0)− n

2
vα(0).
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Ĥα =
∑

k,s
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2k2
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â†k,sâk,s +

1

2V

∑

q,k,k′

s,s′

q 6=0

vα(q)â†k+q,sâ
†
k′−q,s′

âk′,s′ âk,s −
n
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vα(0).
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Ĥ =
∑

k,s

}
2k2

2m
â†k,sâk,s +

1

2V

∑

q,k,k′

s,s′

q 6=0

v(q)â†k+q,sâ
†
k′−q,s′

âk′,s′ âk,s
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 ( 8�.=F � % # A1032&<.A7%@8S4�+E%'%@6+�\219��12&<	�y8�>'-" 
=2�����-M9"-�����47-79=2&9=+E4&�,%[8 ( / 032 )=+E9"-��
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% # -��"-1) ( 9 ( / �&+.-*0 ( ��
"-78TA / 2 # A1%:A / -5-5% # 2147A7%'2&% ( <b>'A / A1%$-54��
U ( 8:4 (�# .=F � ( > (�#�# �=4N4d+
-Y9"-���� 4 -19,2&9=+C4��=%]8 ( / 032 ),+C9"-103+C4 -1+ZO\278 ( 9��+.A7<E8�- # -1)=218@8[4�� #�( <	�E8'6�%(� ( 9e-N8 ( / 056 �
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Ω(T, V, µ) = Ω0(T, V, µ) +
V

β

∫ 1

0

dλ

λ

∫
d3k

(2π)3

∑

ωn

Σλ(k, iωn)G λ(k, iωn).

1 W F 7X7+3
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N(T, V, µ) = −
(
∂Ω

∂µ

)

T,V

.
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F (T, V,N) = [Ω(T, V, µ) + µN ]µ=µ(T,V,N) .
1 W F 7+WX3
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E(T, V,N) = F (T, V,N) + TS(T, V,N).
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E(0, V, N) = F (0, V, N).
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λ
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λ
G(0) + ...
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Ω(T, V, µ) = Ω0(T, V, µ) +
V

β

∫ 1

0

dλ

λ

∫
d3k

(2π)3

∑

ωn

[
Σλ(k, iωn)G(0)(k, iωn)+

+Σλ(k, iωn)G(0)(k, iωn)Σλ(k, iωn)G(0)(k, iωn) + . . .
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Ω ��� (T, V, µ) =
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Ω(T, V, µ) = Ω0(T, V, µ) + Ω ��� (T, V, µ) + Ω �����	� (T, V, µ),
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µ = µ0 + µ1 + µ2,
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N(T, V, µ) = −∂Ω0(T, V, µ)

∂µ
− ∂Ω ��� (T, V, µ)

∂µ
− ∂Ω �����	� (T, V, µ)

∂µ
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∂Ω ���
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+ O(e2
0).
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Σλ� (k) = −1

}
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νn

λv(q)G(0)(k − q, iωn − iνn)eiνnη =

= −λ
}

∫
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(2π)3
v(q)n0
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Ω ��� (T, V, µ) = − V
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dλ

λ
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eiωnη
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λv(k − k′)n(0)

k′ ×

× G(0)(k, iωn) = − V

β}
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∫
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v(k − k′)n(0)
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eiωnη
G(0)(k, iωn) =
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∫
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∫
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k′ n
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k = V
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(
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=
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=
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=
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=
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=
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}Σ � (k) = −
∫

d3k′

(2π)3
v(k− k′)n(0)

k′ = − 4πe20
(2π)3

∫
d3k′

n
(0)

k′

k2 + k′2 − 2kk′ cosϑ
=

= − 4πe20
(2π)3

∫ 2π

0

dϕ

∫ ∞

0

dk′k′
2
n

(0)
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∫ π

0

dϑ
sinϑ

k2 + k′2 − 2kk′ cosϑ
=
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2
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π

∫ ∞
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dk′k′
2
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du
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∫ ∞
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=
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2
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(
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] kF

k

0

−
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(
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k

0

+
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kF − k

)2

+ 2kF

]
.
1 W,F W��X3

� 1 W,F W 7�3 ( ��� ( 9=< ( 8t-1<C-1O�>'A19Y0*A / ( <�.58��=) >(�=4NA1<E<	�y8T-19=+ -59"-�����47-79=2&9=+E4&�,%$8 ( / 032 ),+ �
9=-105+E4 -1+ OP218 ( 9���+CA1< ( <C%�. / ( 9,) 5 472 /'/ ( 4���+��?>'A78n9&�,<C<.-/
.&056 / %@6�4d< ( 8 ( 9 F
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]
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2 ln
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]
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(1− y2)y ln
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"-78TA7%@8 
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−−→
k,iωn

+
−−→
k,iωn

−−→
k,iωn

+ . . .
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k,iωn↓ =

k,iωn↓

+

k,iωn↓

k,iωn↓

+

k,iωn↓

k,iωn↓

k,iωn↓ + . . . �����

k,iωn↓ =

k,iωn↓

+

k,iωn↓

k,iωn↓
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8 ( / 056�% #�( 8 ( %n476 / )=6�% " 
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( ��� (	� ( 4d8��EUK4��&<���%��&9�
=-78TA1%f8$- W,F $ F 1 -X3^A�� / -g-1<C-1O�>'A19 
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( ��� ( 9=< ( 8�
 (�# 
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� ( < ( <�. ( 9RF ��# A�� / A1472&9 - 
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�
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"-19���"-19
�

−}
−1

v ��
 (k, iωn)
� ( 8 " - #[(	� ( 4!8 �EUY4��1<���%(�&9�
"- 8TA1%f8V> ( <��&<C+xF � W,F $ F 1 ��3$A�� / -J-1<C-1O�>'A19

- #�(	� ( 4!8 �EUJ4��&<���%��19�
"-78:A1% / - � ( <	� / 
"-78�� ( ��� ( 9=< ( 8$-c4��
U ( 8:4 (�# . U

v ��
 (k, iωn) = v(k) + v(k)Π(k, iωn)v ��
 (k, iωn),
1 W,F $ G 3

0 ( < �&� .&< - #](��\( 4!8 �yU 4��1<���%(�&9�
"- 8TA1%

v ��
 (k, iωn) =
v(k)

1− v(k)Π(k, iωn)
.
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� 8'2
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� ( 83 "
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−−→
k,iωn

−−→
k,iωn

=

−−→
k,iωn

−−→
k,iωn

k+q,iωn+iνm

q,iνm

W,F � F"A�� / -,F � O\2&<C- / + # A���+��&% �	�����1U16�9*�  � � �)�"-19RF


=2����J- W,F �,F � / A��=>'A / �,<C6�4 - −}Π(0)(k, iωn)
3SU

Π(0)(k, iωn) =
2s+ 1

β}2

∑

m

∫
d3q

(2π)3
G(0)(q, iνm)G(0)(k + q, iωn + iνm) =

=
2s+ 1

β}2

∫
d3q

(2π)3

∑

m

1

iνm − }−1(Tq − µ)

1

iωn + iνm − }−1(Tk+q − µ)
=

=
2s+ 1

}

∫
d3q

(2π)3

1

iωn − }−1(Tk+q − Tq)

1

β}

∑

m

eiνmη

[
1

iνm − }−1(Tq − µ)
−

− 1

iωn + iνm − }−1(Tk+q − µ)

]
= −(2s+ 1)

∫
d3q

(2π)3

n
(0)
k+q − n

(0)
q

i}ωn − (Tk+q − Tq)
.

1 W F $7I�3

� 05A1%@2 )=+E4 ( ��� ( 9=<�.&%@6 �p> ( <��,8:A19 � ( � / 8��,4 -3% # -��=-1) - / (�( 9��1�	�����1U16�9*� 1xG F $��X3;-1<.-74*�
>'A78 "R05-?>@)i- 4��
U ( 8:4 (�# . ( ��� ( 9,<�.&%@6 �p> ( < �,8:A19i-+� / ( 4!U ( 9���+.-��&%@% #�( �M4d+E% # A70 �y8TA1%'-*6 / �
) ( 476 � ( 9 ( ��� - # 219=2&%JA 8T-1<C-14 �E8TA7%@8 1 O"- / ��+CA1<C+E%g8�� / 8 ( 4 / ( �P2&9!8TA7%@8S3cU&6 � (�# 8��=9=4XF �
� / ( 4!U ( 9���+.-��&%@% #�( �l8T-��12&9=416�9!8:+ ( <EU16 � # 6�%@6 
 (�# � ( � / 8��=4 - #

eiνmη 472&9!U ( / � ( 9���+C-���-14��
8:2 / 8 "=05-?>@)N-c0*A1%@2 ),+C4g8T-��&9=A1<D-

νm′ = νm + ωn
U7A1<E8'2 # �&��% ( / 6�8 
"-?>f8'218'8��=4*U16 � / ( F

� U�+ # %��&A1<E8c05A1%@2 ) / ( 9=) 5 8:-��&2&4 U +E% ( <C4 ( )=6�%@6�9 ( 4 6�%3- 1 W,F $ ��3 ( ��� ( 9=< ( 8 J ��� ( �
< ( 0 � ( U16�8 ( <C6�U ( <k-c412 /'/ ( <.A���+��&% ( 9 ( / �&+.-QU (�#�( 8�. / ( 9,) 5 >'A / �=<E6�4 A / -

Ω(1)�����	� (T, V, µ) =
V

β

∫ 1

0

dλ

λ

∫
d3k

(2π)3

∑

ωn

eiωnηΣλ�����
� (k, iωn)G(0)(k, iωn)
1 W,F $ $1-�3

47-7O�
"-78���""-�
=21<
Σλ�����	� (k, iωn) =

[
Σλ� (k, iωn)− Σλ��� (k)

]
.

1 W,F $ $��'3
� 1 W F $ $���3 ( ��� ( 9=< ( 8�� ( 9

Σλ� (k, iωn)
"u- W,F � F{A�� / A19e% #�( / ( O=<�. � ( ��9=0*-79��W)=+C-�� / -10

>'A / �=<E6�4 -,F � ���

Σλ�����	� (k, iωn) = −1

}

∫
d3q

(2π)3

1

β}

∑

m

[
v

λ
��
 (q, iνm)−λv(q)

]
G(0)(k+q, iωn + iνm),

1 W,F $��&-�3



W F I=F � � ��:S: ��?@9 ��L�� B ��A ��: T;L < B#C+9;Dc� > 9�B�< � $

k + q, iω
n

+ iν
m

k, iω
n

q, iν
m
↓

k, iω
n

W,F � F"A�� / -,F � ����\2 / 6�4d%'2 / � ( <��&%@% #�( � # 6�%'6�8�8:- / 8:-1<C05- # �
Σλ

r

%:-
>'A78 ( 9 ( / �&+.-,F

-�
=2&< 8 ( / 036�% #�( 8 ( % ( 9

v
λ
��
 (k, iωn) =

λv(k)

1− λv(k)Π(0)(k, iωn)
.

1 W,F $�����3

� 1 W,F $ $X3L6�% 1 W,F $��&-X3 ( ��� ( 9=< ( 8 ( 4 � ( <�
"-1% # 9"A1<CA1%:ApU7-1<j-M472 /'/ ( <CA���+��&% ( 9 ( / �&+C-NU (�#�( 8�.
/ ( 9=) 5 >'A / �=<C6�4 -3-c4��?U ( 8'4 (�# . U

Ω(1)�����
� (T, V, µ) = −V
∫ 1

0

dλ

λ

∫
d3q

(2π)3

1

β}

∑

m

[
v

λ
��
 (q, iνm)− λv(q)

]
×

×
∫

d3k

(2π)3

1

β}

∑

n

G(0)(k + q, iωn + iνm)G(0)(k, iωn) =

= −V }

2

∫
d3q

(2π)3

1

β}

∑

m

∫ 1

0

dλ

λ

[
v

λ
��
 (q, iνm)− λv(q)

]
Π(0)(q, iνm) =

=
V }

2

∫
d3q

(2π)3

1

β}

∑

m

{
ln
[
1− v(q)Π(0)(q, iνm)

]
+ v(q)Π(0)(q, iνm)

}
.

1 W,F $ �X3

� % # A1032&<.A1%@9"A1<B- 1 W,F $7I�3 ( ��� ( 9,< ( 8*% ( ���E8'%'6 �16�U ( <�- 416�8J% # -��"-1) - / (�( 9��)�	�����1U&6�9��
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>@) ( <EU16 � (�# 8��,4i-

λ
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∫ 1

0

dλ

λ
λv(q)Π(0)(q, iνm) = v(q)Π(0)(q, iνm),

∫ 1

0

dλ

λ

λv(q)Π(0)(q, iνm)

1− λv(q)Π(0)(q, iνm)
= − ln

[
1− v(q)Π(0)(q, iνm)

]
.
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� �=<E<.- 
�.&036 / %@6�4d< ( 8 ( 95- 4M-78:%(���"- / -��)� / ( 4!U ( 9���+CA14 9)� ( % 5=/=5 %���)=9 ( 4 ; "!03+EU ( < 476�8 ( ���*�
0*A1%f8t4��
U ( 8�. 1

n
6�%
n + 1

3 4M- 8:%���"- / - �)� / ( 4!U ( 9��+.-K4��=<��19&�,%'6 � ( U
∆ν = 2π

β}
→ 0

"
�����

1

β}

∑

m

(. . .) =
1

β}∆ν

∑

m

(. . .)∆ν =

∫ ∞

−∞

dν

2π
(. . .).

1 W,F $ ��3

� 412 /@/ ( <CA���+��&% ( 9 ( / �1+.-QU (�#�( 8�. / ( 9=) 5 >'A / �=<C6�47- 1 W,F $ �X3^- # -1<CA����=+D-7<.-147218 �&<y8:+ U

Ω(1)�����	� (0, V, µ) =
V }

2

∫
d3q

(2π)3

∫
dν

2π

{
ln
[
1−v(q)Π(0)(q, iν)

]
+v(q)Π(0)(q, iν)

}
.

1 W F $�$X3
� ����\2 / 6�4d)=+C-�� / -70w>'A / �=<C6�47-c- # 6 / �,% 
�.1056 / %'6�4d< ( 8'+ 
"-78:A / ( % ( 8�� ( 9VU

Π(0)(k, iω) = −2

∫
d3q

(2π)3

n
(0)
k+q − n

(0)
q

i}ω − (Tk+q − Tq)
=

= −2

∫
d3q

(2π)3
n(0)

q

[
1

i}ω − (Tq − Tq−k)
− 1

i}ω − (Tk+q − Tq)

]
.
1 W F � �X3
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- #[( <C%�.38T-����"-19MU16 � / ( 
"-?>f8'218'8��=9=4 ( ���

q′ = k + q
U7A1<E8'2 # �&��% ( / 6�8 "P0*-
>@)m-*476�8t+E9��

8 ( � / A1<y8 � > / - �&%'% # U&219d8��=4XF � ���3- � ( 8��&<E8'6�%'+X% # A10v- # +C9!8 ( � / -79=)��=%a05+E9=)=476�8j8T-��p>'A / -
��%:-745-

q

��=<C<CA105% # A10S8��&<�	����=F�� 6 / �=% 
�.&036 / %'6�4d< ( 8 ( 9 - � ( 8��&<E8'6�%@+"% # A70 " -S472 / A��&�

�"-19M+E% 
=-1% # 9"A1<E8n<E6�O ��%�.��	�����1U16�9*� �b<.A7%')m- 1 W F W��;3 ( ��� ( 9=< ( 8��	�&<��18'8 � "X-10 ( < � % ( ���E8'%'6 �
�&6�U ( <P- 1 W,F � ��3k4d+�� ( > (�# 6�%a8'2
U1A����*-7<.-14 �E8�
"-78��=F �r2&<.A / 412�2 / )=+C9"A 8TA14 / -�U7-1<���A78'8'6 / 6�% 1 -
C ��8 ( 9� ( < �

k
+ / A19*����3^6�%�-

ϕ
% # ���*% #�( / +C9!8:+o+E9d8 ( � / A1<.A7% �,8TA19M-'����\2 / 6�4d)=+C-�� / -10 / -
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"-78�� U

Π(0)(k, iω) = − 1

2π2

∫ k �

0

dq q2

∫ π

0

dϑ sin ϑ×

×
[

1

Tk − }2

m
qk cos ϑ+ i}ω

+
1

Tk + }2

m
qk cosϑ− i}ω

]
=

= − m

2π2}2k

∫ k �

0

dq q

[
ln
Tk + }

2

m
qk + i}ω

Tk − }2

m
qk + i}ω

+ ln
Tk + }

2

m
qk − i}ω

Tk − }2

m
qk − i}ω

]
.
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=
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∣∣∣∣
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〈n| âk |m〉 〈m| â†k |n〉 eik(r−r′) =
1

V

∑

k

Am,n(k)eik(r−r′),

	�I=F���$ �
-�
=2&<0� ( U (�#�( 8'8��=4N- #

Am,n(k)
�
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â†k(0) |Ψ0〉
�� D�
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D(r1, τ1, r2, τ2) = − Sp
[
ρ̂Ge

K̂
}

τ1 ˆ̃n(r1)e
− K̂

}
τ1e

K̂
}

τ2 ˆ̃n(r2)e
− K̂

}
τ2
]

=

= − Sp
[
ρ̂Ge

K̂
}

(τ1−τ2) ˆ̃n(r1)e
K̂
}

(τ2−τ1) ˆ̃n(r2)
]

= D(r1, τ1 − τ2, r2, 0).
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D(r1, τ, r2, 0) = − Sp
{
ρ̂G Tτ

[
ˆ̃n(r1, τ)ˆ̃n(r2, 0)

]}
= −eβΩ Sp

[
e−βK̂×

× ˆ̃n(r2, 0)ˆ̃n(r1, τ)
]

= −eβΩ Sp
[
e−βK̂eβK̂ ˆ̃n(r1, τ)e

−βK̂ ˆ̃n(r2, 0)
]

=

= −eβΩ Sp
[
e−βK̂ ˆ̃n(r1, τ + β})ˆ̃n(r2, 0)

]
= D(r1, τ + β}, r2, 0).
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D(r1, r2; iωn) =

∫ β}
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dτeiωnτD(r1, τ ; r2, 0),
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ωn =
2nπ
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k′,s
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∑
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χnn(k, ω) =
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m,n
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D
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[
1

ω − }−1(Km −Kn) + iε
−

− 1

ω + }−1(Km −Kn) + iε

]
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